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Motivation
Research question #1:

Can we construct numerical discretizations of the Navier-Stokes
equations suitable for complex geometries, such that the symmetry
properties are exactly preserved?

DNS1 of the turbulent flow around a square cylinder at Re “ 22000
1F.X.Trias, A.Gorobets, A.Oliva. Turbulent flow around a square cylinder at Reynolds

number 22000: a DNS study, Computers&Fluids, 123:87-98, 2015.
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Motivation
Research question #2:

How can we develop portable and efficient CFD codes for large-scale
simulations on modern supercomputers?
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HPC2: portable, algebra-based framework for heterogeneous computing is being
developed3. Traditional stencil-based data and sweeps are replaced by algebraic
structures (sparse matrices and vectors) and kernels. SpMM-based strategies to increase
the arithmetic intensity are being considered4.

3X.Álvarez, A.Gorobets, F.X.Trias. A hierarchical parallel implementation for heterogeneous computing. Application to
algebra-based CFD simulations on hybrid supercomputers. Computers & Fluids, 214:104768, 2021.

4À.Alsalti-Baldellou, X.Álvarez-Farré, F.X.Trias, A.Oliva. Exploiting spatial symmetries for solving Poisson’s equation.
Journal of Computational Physics, 486:112133, 2023.

4 / 18



Motivation Preserving symmetries at discrete level Portability and beyond Conclusions

Motivation
Research question #2:

How can we develop portable and efficient CFD codes for large-scale
simulations on modern supercomputers?

1995 2000 2005 2010 2015 2020

CTTC resources and software

DPC

sequential structured

STG

parallel structured

deep source of applied and 

fundamental research

scalability up to 100k cores

HPC2

heterogeneous algebraic

Technology Trends in HPC
GPU

HBM

M
IC

FPGA

NVLink

single-core CPU clusters          . . .          multi-core CPU clusters          . . .          hybrid clusters

1995 2000 2005 2010 2015 2020

CTTC resources and software

DPC

sequential structured

STG

parallel structured

deep source of applied and 

fundamental research

scalability up to 100k cores

HPC2

heterogeneous algebraic

Technology Trends in HPC
GPU

HBM

M
IC

FPGA

NVLink

single-core CPU clusters          . . .          multi-core CPU clusters          . . .          hybrid clusters

HPC2: portable, algebra-based framework for heterogeneous computing is being
developed3. Traditional stencil-based data and sweeps are replaced by algebraic
structures (sparse matrices and vectors) and kernels. SpMM-based strategies to increase
the arithmetic intensity are being considered4.
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Does all this really matter?
Effect of (artificial) numerical dissipation in real-world applications

Frequently used general purpose CFD codes:

● STAR-CCM+

● ANSYS-FLUENT

● Code-Saturne

● OpenFOAM 

Main common characteristics of LES in such codes:

● Unstructured finite volume method, collocated grid

● 2nd order spatial and temporal discretisation

● Eddy-viscosity type LES models

Main common characteristics of LES in such codes:
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LES results of a turbulent channel flow. Provided by

Are LES results a merit of the selected LES model?

It seems that NOT! OMG!

Are LES results are merit of the SGS model?

Apparently NOT!!! 7

5E.M.J.Komen, L.H.Camilo, A.Shams, B.J.Geurts, B.Koren. A quantification method
for numerical dissipation in quasi-DNS and under-resolved DNS, and effects of numerical
dissipation in quasi-DNS and under-resolved DNS of turbulent channel flows, Journal of
Computational Physics, 345, 565-595, 2017.
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Symmetry-preserving discretization

Continuous

Discrete

Bu
Bt ` C pu,uq “ ν∇2u ´∇p

∇¨u “ 0

Ωduh
dt ` C puhquh “ Duh ´Gph

Muh “ 0h

〈a,b〉 “
ż

Ω
abdΩ

〈C pu, ϕ1q, ϕ2〉 “ ´ 〈C pu, ϕ2q, ϕ1〉
〈∇¨a, ϕ〉 “ ´ 〈a,∇ϕ〉〈
∇2a,b

〉
“

〈
a,∇2b

〉

〈ah,bh〉h “ aT
h Ωbh

C puhq “ ´CT puhq

ΩG “ ´MT

D “ DT def ´
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Why collocated arrangements are so popular?

Everything is easy except the pressure-velocity coupling...
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Does all this really matter?
Effect of (artificial) numerical dissipation in real-world applications

Frequently used general purpose CFD codes:

● STAR-CCM+

● ANSYS-FLUENT

● Code-Saturne

● OpenFOAM 

Main common characteristics of LES in such codes:

● Unstructured finite volume method, collocated grid

● 2nd order spatial and temporal discretisation

● Eddy-viscosity type LES models

Ωs
dus
dt ` C pusqus “ Dus ´Gpc ; Mus “ 0c

In staggered meshes
p-us coupling is naturally solved X

C pusq and D difficult to discretize 7

Cheaper, less memory,... X

uf3

uf2

uf1
p
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Pressure-velocity coupling on collocated grids
A vicious circle that cannot be broken...

In summary7:

Mass: MΓcÑsuc “ MΓcÑsuc ´ LcL´1 MΓcÑsuc « 0c 7

Energy: pc pL´ Lcq pc ‰ 0 7

7F.X.Trias, O.Lehmkuhl, A.Oliva, C.D.Pérez-Segarra, R.W.C.P.Verstappen.
Symmetry-preserving discretization of Navier-Stokes equations on collocated
unstructured grids, Journal of Computational Physics, 258 (1): 246-267, 2014.
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7Shashank, J.Larsson, G.Iaccarino. A co-located incompressible Navier-Stokes solver
with exact mass, momentum and kinetic energy conservation in the inviscid limit,
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Pressure-velocity coupling on collocated grids
Examples of simulations

Despite these inherent limitations, symmetry-preserving collocated
formulation has been successfully used for DNS/LES simulations9:

9R.Borrell, O.Lehmkuhl, F.X.Trias, A.Oliva. Parallel Direct Poisson solver for
discretizations with one Fourier diagonalizable direction. Journal of Computational
Physics, 230:4723-4741, 2011.
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Algebra-based approach naturally leads to portability

, to
simple and analyzable formulations and opens the door to
new strategies to improve its perfomance...

Research question #2:
How can we develop portable and efficient CFD codes for large-scale simulations
on modern supercomputers?
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HPC2: portable, algebra-based framework for heterogeneous computing is being
developed. Traditional stencil-based data and sweeps are replaced by algebraic
structures (sparse matrices and vectors) and kernels. SpMM-based strategies to increase
the arithmetic intensity are being considered10.

10À.Alsalti-Baldellou, X.Álvarez-Farré, F.X.Trias, A.Oliva. Exploiting spatial symmetries for solving Poisson’s equation.
Journal of Computational Physics, 486:112133, 2023.
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Algebra-based approach naturally leads to portability, to
simple and analyzable formulations

and opens the door to
new strategies to improve its perfomance...

Continuous Discrete

Bu
Bt ` C pu,uq “ ν∇2u ´∇p

∇¨u “ 0

Ωduh
dt ` C puhquh “ Duh ´Gph

Muh “ 0h

〈a,b〉 “
ż

Ω
abdΩ

〈C pu, ϕ1q, ϕ2〉 “ ´ 〈C pu, ϕ2q, ϕ1〉
〈∇¨a, ϕ〉 “ ´ 〈a,∇ϕ〉〈
∇2a,b

〉
“

〈
a,∇2b

〉

〈ah,bh〉h “ aT
h Ωbh

C puhq “ ´CT puhq

ΩG “ ´MT

D “ DT def ´
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11À.Alsalti-Baldellou, X.Álvarez-Farré, F.X.Trias, A.Oliva. Exploiting spatial symmetries for solving Poisson’s equation.
Journal of Computational Physics, 486:112133, 2023.
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L̂ “ SLS´1 “ Ib Linn ` diagpdq

SpMM can be used ùñ higher AI
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Benefits for Poisson solver are 3-fold:

Higher arithmetic intensity (AI)
Reduction of memory footprint
Reduction in the number of
iterations

Ñ Overall speed-up up to x2-x3 X
Ñ Memory reduction of «2 X
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Algebra-based approach naturally leads to portability, to
simple and analyzable formulations and opens the door to
new strategies11 to improve its perfomance...

Other SpMM-based strategies to
increase AI and reduce memory
footprint:

Multiple transport equations
Parametric studies
Parallel-in-time simulations
Go to higher-order?

L̂ “ SLS´1 “ Ib Linn ` diagpdq

SpMM can be used ùñ higher AI
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Concluding remarks

Preserving symmetries either using staggered or
collocated formulations is the key point for reliable
LES/DNS simulations.

Algebra-based approach naturally leads to
portability, to simple and analyzable formulations
and opens the door to new strategies12 to
improve its perfomance.

dissipation

Very low

Rhie&Chow implementation

in OpenFOAM

STABLEUNSTABLE!!!
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Ideal target

dissipation

Too much

and pc ⊥ Ker(Lc)

L̃ = L

L̃ = Lc

L̃ = Lc pc(L̃− Lc)pc

L̃ = L using p′c

On-going research:
Rethinking standard CFD operations (e.g. flux limiters13, boundary
conditions, CFL,...) to adapt them into an algebraic framework
(Leitmotiv: maintaining a minimal number of basic kernels is crucial
for portability!!!)

12À.Alsalti-Baldellou, X.Álvarez-Farré, F.X.Trias, A.Oliva. Exploiting spatial symmetries for solving Poisson’s equation.
Journal of Computational Physics, 486:112133, 2023.

13N.Valle, X.Álvarez, A.Gorobets, J.Castro, A.Oliva, F.X.Trias. On the implementation of flux limiters in algebraic
frameworks. Computer Physics Communications, 271:108230, 2022. 17 / 18
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Thank you for your attendance
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