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INTRODUCTION

Finite Volume collocated discretizations on unstruc-

tured meshes are the predominant approach for solving the

Navier–Stokes equations in general-purpose CFD codes

such as OpenFOAM and ANSYS Fluent, for the compar-

atively easy treatment of complex geometries [1]. Com-

pared with staggered arrangements, collocated methods

are known to suffer from checkerboarding phenomena [2]

and potential stability issues [3, 4]. Checkerboarding is

commonly mitigated through the use of a compact Lapla-

cian operator; however, this approach introduces artificial

kinetic energy errors that may themselves lead to instabil-

ity.

Apart from the kinetic energy error associated with

the pressure gradient in collocated configurations, an ad-

ditional temporal error arises from the time integration

scheme [5]. Together, these artificial contributions con-

stitute the primary sources of numerical dissipation in

collocated arrangements. Excessive numerical dissipation

is not appropriate for DNS and LES simulations, as it

interferes with the delicate balance between convective

transport and physical dissipation. Consequently, reliable

numerical methods for DNS/LES should be free of numer-

ical dissipation, or at least exhibit a small and controllable

amount.

A collocated symmetry-preserving formulation of the

incompressible Navier–Stokes equations was introduced by

Trias et al. [1]. Considering a mesh composed of n control

volumes and m faces, the semi-discrete governing equa-

tions read

Ω
duc

dt
+C(us)uc = Duc − ΩGcpc, (1)

Mus = 0c, (2)

where uc ∈ R3n and pc ∈ Rn denote the cell-centered

velocity and pressure, respectively. Face-based quantities,

such as the face-centered velocity us ∈ Rm are obtained

from cell-centered variables through an interpolation op-

erator Γc→s ∈ Rm×3n:

us = Γc→suc. (3)

The diagonal matrix Ω ∈ R3n×3n contains the cell vol-

umes in its diagonal, C(us) ∈ R3n×3n is the discrete

convective operator, D ∈ R3n×3n is the discrete diffusive

operator, Gc ∈ R3n×n is the cell-to-cell discrete gradi-

ent operator and M ∈ Rn×m is the face-to-cell discrete

divergence operator.

To ensure unconditional stability when solving the sys-

tem of equations using a compact Laplacian, a volume-

weighted interpolation operator must be employed [3].

This interpolator preserves integrated quantities during

the transfer from cell-centered to face-centered variables

and can be constructed on arbitrary meshes as follows:

Πc→s = ∆−1
s ∆T

sc, (4)

Γc→s = N(I3 ⊗Πc→s), (5)

where Πc→s ∈ Rm×n denotes the scalar cell-to-face inter-

polation operator, and N = (Ns,x Ns,y Ns,z) ∈ R3m×m.

Each matrix Ns,i ∈ Rm×m is diagonal and contains the

xi components of the face normal vectors. The matrix

∆s ∈ Rm×m is diagonal and stores the projected distances

between adjacent control volumes, while ∆sc ∈ Rm×n

contains the projected distances between a cell center and

its associated face. A schematic representation of these

distances is provided in Fig. 1.

Figure 1: Unstrucutred mesh consisting of four cells. The

volume-weighted coefficients for face f are δ1,f/δ1 and

δ2,f/δ1.

KINETIC ENERGY AND SOURCES OF NUMERICAL

DISSIPATION

Left multiplying eq. (1) by uT
c , summing the result

with its transpose and using the chain rule we obtain the

global discrete kinetic energy equation (Ek = ||uc||2):
dEk

dt
= −uT

c C(us)uc + uT
c Duc

− uT
c ΩGcpc. (6)

Respecting the symmetries of the differential operators

is crucial for preserving the physical structure of the gov-

erning equations. In the absence of diffusion, i.e., when

D = 0, kinetic energy must be conserved. This prop-



erty is satisfied if and only if (1) C(us) = −C(us)T , (2)

G = −Ω−1
s MT , and (3)Mcuc = 0c. The first condition is

ensured by employing a midpoint interpolation (i.e., using

1/2 coefficients) for the transported quantities in the con-

vective operator. The third condition, however, is satisfied

only when a Wide-Stencil Laplacian is used, which leads

to checkerboarding. In contrast, solving a Compact Lapla-

cian does not exactly satisfy this condition and therefore

introduces numerical dissipation. This contribution is en-

sured to be negative when a volume-weighted interpolation

is used [3].

Upon time discretization, an additional source of nu-

merical dissipation is introduced in Eq. (6). Let the dis-

crete approximation of the time derivative duc
dt

be denoted

by ddt(uc). Correspondingly, the discrete time derivative

of the kinetic energy is denoted by ddt(Ek). The fully

discrete kinetic energy equation can then be written as:

ddt(Ek) = −uT
c C(us)uc + uT

c Duc

− uT
c ΩGcpc + εt, (7)

where εt = ddt(Ek) − uT
c · ddt(uc). Note that ddt(Ek) =

ddt(0.5||uc||2) ̸= uT
c ·ddt(uc) in general, so this error arises

when the chain rule is not satisfied at the discrete level.

The sign of εt depends on the time integration scheme and

decreases with the time step size according to the order of

accuracy of the method, i.e., O(∆tn).

Let us introduce the following definitions:

εν = −uT
c Duc, (8)

εC = −uT
c C(us)uc → RC =

εC

|εν |
, (9)

εp = −uT
c ΩGcpc → Rp =

εp

|εν |
, (10)

εt = ddt(Ek)− uT
c · ddt(uc) → Rt =

εt

|εν |
, (11)

where εν is the dissipation introduced by the viscous

term (which is always negative in a symmetry-preserving

scheme), εC is the dissipation introduced by the convec-

tive term (which is zero up to machine precission in a

symmetry-preserving scheme), εp is the dissipation in-

troduced by the pressure term and εt is the dissipation

introduced by the time integration. The different Ri coef-

ficients will allow us to compare the artificial contributions

with the physical dissipation.

Several strategies will be investigated to reduce numer-

ical dissipation. Increasing the order of the time integra-

tion scheme can significantly reduce εt, making εp the

dominant contribution, as it scales as O(∆t) [3]. To fur-

ther reduce this latter term, a van Kan projection method

[1] will be examined. This projection consists of splitting

the pressure at the current time step as pn+1
c = pn

c + p′
c,

and solving a Poisson equation for p′
c.

3D TAYLOR GREEN VORTEX AT Re = 1600

A numerical test will be performed for the Taylor Green

vortex at Re = 1600. The initial conditions are given by:

UX = U0cos(x)sin(y)sin(z), (12)

UY = −U0sin(x)cos(y)sin(z), (13)

UZ = 0, (14)

and periodic boundary conditions are employed. The char-

acteristic velocity and length scales are U0 = 1ms−1 and

l0 = 1m, respectively. Figure 2 presents the normalized

global kinetic energy, Êk = Ek/U
2
0 , as a function of the

normalized time, t̂ = tU0/l0, for an implicit Euler time

integration scheme and different Courant numbers, a 323

regular mesh and two pressure projection methods. The

Chorin Projection (Ch) approach corresponds to the clas-

sical pressure projection method, whereas vK denotes the

van Kan pressure projection method.
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Figure 2: Comparison of the time convergence of kinetic

energy spectra for Ch (Chorin Projection method) and vK

(van Kan projection method).

As shown in Fig. 2, the vK method reaches tem-

poral convergence significantly faster, at approximately

maxCo = 0.01 − 0.005, whereas the Ch method requires

maxCo = 0.005− 0.001 to achieve convergence (and they

both coincide in the time converged limit). This analy-

sis indicates that the dissipation introduced by large time

steps through εp and εt may act as an implicit model.

Fig. 3 shows the normalized time evolution of the different

εi (normalized multiplying them by l0/U3
0 ) for different

Courant numbers. εC is not shown in the plots because

it is virtually 0. As observed in the plots, the Ch method

exhibits a higher level of numerical dissipation at larger

Courant numbers, which is reflected in lower kinetic en-

ergy values (see Fig. 2). For sufficiently small Courant

numbers, both εp and εt tend to zero, and the two solu-

tions converge to the same limit. It is noteworthy that εp
remains very small for the vK projection method, indicat-

ing that this approach substantially reduces the numerical

dissipation associated with the pressure term.

To facilitate a direct comparison between numerical and

physical dissipation, Fig. 4 presents the coefficients Ri. In

the worst case scenario (Ch method with a Courant num-

ber of 0.1), the numerical dissipation attributed to the

pressure term reaches approximately 40% of the physical

dissipation while the numerical dissipation attributed to

the time integration term is kept between 10% − 30%.
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Figure 3: Comparison of the time convergence of the ki-

netic energy budgets for Ch (Chorin method) and vK (van

Kan projection method). (Top) maxCo 0.1. (Middle)

maxCo 0.01. (Bottom) maxCo 0.001.

Again, Rp remains insignificant for the vK projection

method.
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Figure 4: Comparison of the time convergence of the Ri

coefficients using a first order implicit Euler.

The vK projection method appears sufficient to nearly

eliminate εp. While reducing the time step is one possible

strategy for decreasing εt (and εp), this approach is prac-

tical only up to a certain limit. An alternative strategy

to reduce εt is the use of higher-order time integration

schemes. Figure 5 presents the coefficients Ri obtained

with a second-order backward time integration method.

As shown, Rt is significantly reduced and Rp becomes the

dominant contribution. For the Ch method, the numerical

dissipation reaches nearly 35%, whereas for the vK method

it remains close to 0%, rendering the method effectively

free of numerical dissipation.
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Figure 5: Ri coefficients using a second order time inte-

gration scheme.

CONCLUSIONS

This work presents a collocated, virtually dissipation-

free, symmetry-preserving Finite Volume method. The

proposed approach extends the unconditionally stable

symmetry-preserving formulation introduced in [1, 3] by

incorporating a van Kan pressure projection method,

which nearly eliminates the numerical dissipation associ-

ated with the pressure term in collocated arrangements

when a compact Laplacian is employed. Numerical exper-

iments indicate that the method is effective in practice,

particularly when combined with high-order time inte-

gration schemes. A practical application involving a T-

junction configuration will be presented at the conference.
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