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∂t +∇ · (~uθ) = 0 η̂i = ∇θ
|∇θ|

κ = ∇ · η̂i

Navier-Stokes

3Re
(
∂ (ρ~u)
∂t +∇ · (ρ~u ⊗ ~u)

)
= ∇ · σ + ρĝ
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σ = µS − p [σ] η̂i = −Weκη̂i

4 / 14



Introduction Energy preserving Results

Governing equations

Incompressible

∇ · ~u = 0

Interface

∂θ

∂t +∇ · (~uθ) = 0 η̂i = ∇θ
|∇θ|

κ = ∇ · η̂i

Navier-Stokes

3Re
(
∂ (ρ~u)
∂t +∇ · (ρ~u ⊗ ~u)

)
= ∇ · σ + ρĝ
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σ = µS − p [σ] η̂i = −Weκη̂i

4 / 14



Introduction Energy preserving Results

Regularization

θ = 1
2

(
tanh

(d(~x
2ε − 1

)
+ 1

)

0.90.9

0.90.9

0.90.9
0.90.9

0.90.9

0.90.9

0.70.7

0.70.7

0.70.7

0.70.7

0.70.7

0.70.7

0.70.7
0.50.5

0.50.5

0.50.5

0.50.50.50.5

0.50.5

0.50.5

0.50.5

0.30.3

0.30.3

0.30.3

0.30.3

0.30.3

0.30.3

0.30.3

0.30.3

0.30.3

0.10.1

0.10.1

0.10.1

0.10.1

0.10.10.10.1

0.10.1

0.10.1

0.10.1

0.10.1

-2 -1.5 -1 -0.5  0  0.5  1  1.5  2

-2

-1.5

-1

-0.5

 0

 0.5

 1

 1.5

 2

 0

 0.2

 0.4

 0.6

 0.8

 1

-2 -1.5 -1 -0.5  0  0.5  1  1.5  2

ρ = 1 +
(
ρ1
ρ0
− 1

)
θ µ = 1 +

(
µ1
µ0
− 1

)
θ

5 / 14



Introduction Energy preserving Results

Regularization

θ = 1
2

(
tanh

(d(~x
2ε − 1

)
+ 1

)

0.90.9

0.90.9

0.90.9
0.90.9

0.90.9

0.90.9

0.70.7

0.70.7

0.70.7

0.70.7

0.70.7

0.70.7

0.70.7
0.50.5

0.50.5

0.50.5

0.50.50.50.5

0.50.5

0.50.5

0.50.5

0.30.3

0.30.3

0.30.3

0.30.3

0.30.3

0.30.3

0.30.3

0.30.3

0.30.3

0.10.1

0.10.1

0.10.1

0.10.1

0.10.10.10.1

0.10.1

0.10.1

0.10.1

0.10.1

-2 -1.5 -1 -0.5  0  0.5  1  1.5  2

-2

-1.5

-1

-0.5

 0

 0.5

 1

 1.5

 2

 0

 0.2

 0.4

 0.6

 0.8

 1

-2 -1.5 -1 -0.5  0  0.5  1  1.5  2

ρ = 1 +
(
ρ1
ρ0
− 1

)
θ µ = 1 +

(
µ1
µ0
− 1

)
θ

5 / 14



Introduction Energy preserving Results

Regularization

θ = 1
2

(
tanh

(d(~x
2ε − 1

)
+ 1

)

0.90.9

0.90.9

0.90.9
0.90.9

0.90.9

0.90.9

0.70.7

0.70.7

0.70.7

0.70.7

0.70.7

0.70.7

0.70.7
0.50.5

0.50.5

0.50.5

0.50.50.50.5

0.50.5

0.50.5

0.50.5

0.30.3

0.30.3

0.30.3

0.30.3

0.30.3

0.30.3

0.30.3

0.30.3

0.30.3

0.10.1

0.10.1

0.10.1

0.10.1

0.10.10.10.1

0.10.1

0.10.1

0.10.1

0.10.1

-2 -1.5 -1 -0.5  0  0.5  1  1.5  2

-2

-1.5

-1

-0.5

 0

 0.5

 1

 1.5

 2

 0

 0.2

 0.4

 0.6

 0.8

 1

-2 -1.5 -1 -0.5  0  0.5  1  1.5  2

ρ = 1 +
(
ρ1
ρ0
− 1

)
θ µ = 1 +

(
µ1
µ0
− 1

)
θ

5 / 14



Introduction Energy preserving Results

Regularization

θ = 1
2

(
tanh

(d(~x
2ε − 1

)
+ 1

)

0.90.9

0.90.9

0.90.9
0.90.9

0.90.9

0.90.9

0.70.7

0.70.7

0.70.7

0.70.7

0.70.7

0.70.7

0.70.7
0.50.5

0.50.5

0.50.5

0.50.50.50.5

0.50.5

0.50.5

0.50.5

0.30.3

0.30.3

0.30.3

0.30.3

0.30.3

0.30.3

0.30.3

0.30.3

0.30.3

0.10.1

0.10.1

0.10.1

0.10.1

0.10.10.10.1

0.10.1

0.10.1

0.10.1

0.10.1

-2 -1.5 -1 -0.5  0  0.5  1  1.5  2

-2

-1.5

-1

-0.5

 0

 0.5

 1

 1.5

 2

 0

 0.2

 0.4

 0.6

 0.8

 1

-2 -1.5 -1 -0.5  0  0.5  1  1.5  2

ρ = 1 +
(
ρ1
ρ0
− 1

)
θ

µ = 1 +
(
µ1
µ0
− 1

)
θ

5 / 14



Introduction Energy preserving Results

Regularization

θ = 1
2

(
tanh

(d(~x
2ε − 1

)
+ 1

)

0.90.9

0.90.9

0.90.9
0.90.9

0.90.9

0.90.9

0.70.7

0.70.7

0.70.7

0.70.7

0.70.7

0.70.7

0.70.7
0.50.5

0.50.5

0.50.5

0.50.50.50.5

0.50.5

0.50.5

0.50.5

0.30.3

0.30.3

0.30.3

0.30.3

0.30.3

0.30.3

0.30.3

0.30.3

0.30.3

0.10.1

0.10.1

0.10.1

0.10.1

0.10.10.10.1

0.10.1

0.10.1

0.10.1

0.10.1

-2 -1.5 -1 -0.5  0  0.5  1  1.5  2

-2

-1.5

-1

-0.5

 0

 0.5

 1

 1.5

 2

 0

 0.2

 0.4

 0.6

 0.8

 1

-2 -1.5 -1 -0.5  0  0.5  1  1.5  2

ρ = 1 +
(
ρ1
ρ0
− 1

)
θ µ = 1 +

(
µ1
µ0
− 1

)
θ

5 / 14



Introduction Energy preserving Results

Plan

Em = Ek

+ Ep
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(
ρ~u, d~u
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) dEp
dt = We
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dEm
dt = dEk

dt + dEp
dt = − (S, 2µS) < 0
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Discrete

Conservative Level-Set

dθc
dt = C(uf)fθc

−→ dρc
dt = C(uf)fρc

Navier-Stokes - Continuum Surface Force1

dRuf
dt = − C(Ruf)fuf − Gpc + Luf + WekfGθc + ρf ĝ

1J.U Brackbill, D.B Kothe, and C Zemach. “A continuum method for modeling surface tension”. In: J.
Comput. Phys. 100.2 (June 1992), pp. 335–354.
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Discrete energy balance

Performing a discrete energy balance:

dEk
dt =− (uf ,C(Ruf)fuf) − (uf ,Gpc) + (uf , Luf)

+ We (uf , kfGθc) + (uf , ρf ĝ)

− 1
2

(
uf , ufΠ

dρc
dt

)

dEp
dt =We (GC(uf)cθc, n̂f) − (uf , ρf ĝ)

dEk
dt + dEp

dt =

− (uf ,C(Ruf)fuf) + (uf , Luf) −
1
2

(
uf , ufΠ

dρc
dt

)

1N. Valle, F. X. Trias, and J. Castro. “An energy-preserving level set method for multiphase flows”. In:
J. Comput. Phys. 400 (2020), p. 108991. arXiv: 1909.01114.
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− 1
2

(
uf , ufΠ

dρc
dt

)

dEp
dt =We (GC(uf)cθc, n̂f) − (uf , ρf ĝ)
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− 1
2

(
uf , ufΠ

dρc
dt

)

dEp
dt =We (GC(uf)cθc, n̂f) − (uf , ρf ĝ)
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Consistent mass and momentum3

dEm
dt =− (uf ,C(Ruf)fuf)+ (uf , Luf)−

1
2

(
uf ,UΠdρc

dt

)

=−
(

uf ,
1
2diag (ΠDRuf) uf

)
−

(
uf ,C(Ruf)uf

)
+ (uf , Luf)−

1
2

(
uf ,UΠdρc

dt

)
dρc
dt =C(uf)fρc = DRuf

Energy-preserving discretization
dEm
dt = (uf , Luf) < 0

3Shahab Mirjalili and Ali Mani. “Consistent, energy-conserving momentum transport for simulations of
two-phase flows using the phase field equations”. In: J. Comput. Phys. 1 (2020), p. 109918. arXiv:
1912.10096.

9 / 14

http://arxiv.org/abs/1912.10096


Introduction Energy preserving Results

Consistent mass and momentum3

dEm
dt =− (uf ,C(Ruf)fuf)+ (uf , Luf)−

1
2

(
uf ,UΠdρc

dt

)
=−

(
uf ,

1
2diag (ΠDRuf) uf

)

−
(

uf ,C(Ruf)uf
)

+ (uf , Luf)−
1
2

(
uf ,UΠdρc

dt

)
dρc
dt =C(uf)fρc = DRuf

Energy-preserving discretization
dEm
dt = (uf , Luf) < 0

3Shahab Mirjalili and Ali Mani. “Consistent, energy-conserving momentum transport for simulations of
two-phase flows using the phase field equations”. In: J. Comput. Phys. 1 (2020), p. 109918. arXiv:
1912.10096.

9 / 14

http://arxiv.org/abs/1912.10096


Introduction Energy preserving Results

Consistent mass and momentum3

dEm
dt =− (uf ,C(Ruf)fuf)+ (uf , Luf)−

1
2

(
uf ,UΠdρc

dt

)
=−

(
uf ,

1
2UΠDRuf

)

−
(

uf ,C(Ruf)uf
)

+ (uf , Luf)−
1
2

(
uf ,UΠdρc

dt

)
dρc
dt =C(uf)fρc = DRuf

Energy-preserving discretization
dEm
dt = (uf , Luf) < 0

3Shahab Mirjalili and Ali Mani. “Consistent, energy-conserving momentum transport for simulations of
two-phase flows using the phase field equations”. In: J. Comput. Phys. 1 (2020), p. 109918. arXiv:
1912.10096.

9 / 14

http://arxiv.org/abs/1912.10096


Introduction Energy preserving Results

Consistent mass and momentum3

dEm
dt =− (uf ,C(Ruf)fuf)+ (uf , Luf)−

1
2

(
uf ,UΠdρc

dt

)
=−

(
uf ,

1
2UΠDRuf

)
−

(
uf ,C(Ruf)uf

)

+ (uf , Luf)−
1
2

(
uf ,UΠdρc

dt

)
dρc
dt =C(uf)fρc = DRuf

Energy-preserving discretization
dEm
dt = (uf , Luf) < 0

3Shahab Mirjalili and Ali Mani. “Consistent, energy-conserving momentum transport for simulations of
two-phase flows using the phase field equations”. In: J. Comput. Phys. 1 (2020), p. 109918. arXiv:
1912.10096.

9 / 14

http://arxiv.org/abs/1912.10096


Introduction Energy preserving Results

Consistent mass and momentum3

dEm
dt =− (uf ,C(Ruf)fuf)+ (uf , Luf)−

1
2

(
uf ,UΠdρc

dt

)
=−

(
uf ,

1
2UΠDRuf

)
−
��

���
���

(
uf ,C(Ruf)uf

)

+ (uf , Luf)−
1
2

(
uf ,UΠdρc

dt

)
dρc
dt =C(uf)fρc = DRuf

Energy-preserving discretization
dEm
dt = (uf , Luf) < 0

3Shahab Mirjalili and Ali Mani. “Consistent, energy-conserving momentum transport for simulations of
two-phase flows using the phase field equations”. In: J. Comput. Phys. 1 (2020), p. 109918. arXiv:
1912.10096.

9 / 14

http://arxiv.org/abs/1912.10096


Introduction Energy preserving Results

Consistent mass and momentum3

dEm
dt =− (uf ,C(Ruf)fuf)+ (uf , Luf)−

1
2

(
uf ,UΠdρc

dt

)
=−

(
uf ,

1
2UΠDRuf

)
−
��

���
���

(
uf ,C(Ruf)uf

)
+ (uf , Luf)−

1
2

(
uf ,UΠdρc

dt

)

dρc
dt =C(uf)fρc = DRuf

Energy-preserving discretization
dEm
dt = (uf , Luf) < 0

3Shahab Mirjalili and Ali Mani. “Consistent, energy-conserving momentum transport for simulations of
two-phase flows using the phase field equations”. In: J. Comput. Phys. 1 (2020), p. 109918. arXiv:
1912.10096.

9 / 14

http://arxiv.org/abs/1912.10096


Introduction Energy preserving Results

Consistent mass and momentum3

dEm
dt =− (uf ,C(Ruf)fuf)+ (uf , Luf)−

1
2

(
uf ,UΠdρc

dt

)
=−

(
uf ,

1
2UΠDRuf

)
−
��

���
���

(
uf ,C(Ruf)uf

)
+ (uf , Luf)−

1
2

(
uf ,UΠdρc

dt

)
dρc
dt =C(uf)fρc = DRuf

Energy-preserving discretization
dEm
dt = (uf , Luf) < 0

3Shahab Mirjalili and Ali Mani. “Consistent, energy-conserving momentum transport for simulations of
two-phase flows using the phase field equations”. In: J. Comput. Phys. 1 (2020), p. 109918. arXiv:
1912.10096.

9 / 14

http://arxiv.org/abs/1912.10096


Introduction Energy preserving Results

Consistent mass and momentum3

dEm
dt =− (uf ,C(Ruf)fuf)+ (uf , Luf)−

1
2

(
uf ,UΠdρc

dt

)
=−

(
uf ,

1
2UΠDRuf

)
−
��

���
���

(
uf ,C(Ruf)uf

)
+ (uf , Luf)−

1
2

(
uf ,UΠdρc

dt

)
dρc
dt =C(uf)fρc = DRuf

Energy-preserving discretization
dEm
dt = (uf , Luf) < 0

3Shahab Mirjalili and Ali Mani. “Consistent, energy-conserving momentum transport for simulations of
two-phase flows using the phase field equations”. In: J. Comput. Phys. 1 (2020), p. 109918. arXiv:
1912.10096.

9 / 14

http://arxiv.org/abs/1912.10096


Introduction Energy preserving Results

Consistent mass and momentum3

dEm
dt =− (uf ,C(Ruf)fuf)+ (uf , Luf)−

1
2

(
uf ,UΠdρc

dt

)
=−
��

���
���

(
uf ,

1
2UΠDRuf

)
−
��

���
���

(
uf ,C(Ruf)uf

)
+ (uf , Luf)−

1
2 ((

((((
((uf ,UΠDRuf)

dρc
dt =C(uf)fρc = DRuf

Energy-preserving discretization
dEm
dt = (uf , Luf) < 0

3Shahab Mirjalili and Ali Mani. “Consistent, energy-conserving momentum transport for simulations of
two-phase flows using the phase field equations”. In: J. Comput. Phys. 1 (2020), p. 109918. arXiv:
1912.10096.

9 / 14

http://arxiv.org/abs/1912.10096


Introduction Energy preserving Results

Consistent mass and momentum3

dEm
dt =− (uf ,C(Ruf)fuf)+ (uf , Luf)−

1
2

(
uf ,UΠdρc

dt

)
=−
��

���
���

(
uf ,

1
2UΠDRuf

)
−
��

���
���

(
uf ,C(Ruf)uf

)
+ (uf , Luf)−

1
2 ((

((((
((uf ,UΠDRuf)

dρc
dt =C(uf)fρc = DRuf

Energy-preserving discretization
dEm
dt = (uf , Luf) < 0

3Shahab Mirjalili and Ali Mani. “Consistent, energy-conserving momentum transport for simulations of
two-phase flows using the phase field equations”. In: J. Comput. Phys. 1 (2020), p. 109918. arXiv:
1912.10096.

9 / 14

http://arxiv.org/abs/1912.10096


Introduction Energy preserving Results

Falling Film

10 / 14



Introduction Energy preserving Results

Falling Film

10 / 14



Introduction Energy preserving Results

Falling Film

10 / 14



Introduction Energy preserving Results

Falling Film

10 / 14



Introduction Energy preserving Results

Falling Film

10 / 14



Introduction Energy preserving Results

Falling Film

-0.1
-0.08
-0.06
-0.04
-0.02

0
0.02
0.04
0.06
0.08
0.1

0 0.5 1 1.5 2

-0.03

-0.02

-0.01

0

0.01

0.02

0.03

0 0.5 1 1.5 2

-0.1
-0.08
-0.06
-0.04
-0.02

0
0.02
0.04
0.06
0.08
0.1

0 0.5 1 1.5 2

-0.03

-0.02

-0.01

0

0.01

0.02

0.03

0 0.5 1 1.5 2

E
/
E

0

t/2π
√

2ρ/γk3tanh(kH)

d
E E
0
/
d
t

t/2π
√

2ρ/γk3tanh(kH)

E
/
E

0

t/2π
√

2ρ/γk3tanh(kH)

d
E E
0
/
d
t

t/2π
√

2ρ/γk3tanh(kH)

Ek

Ep

Em

dEk
dt

dEp
dt

dEm
dt

Figure: Energy fluctuation for the falling film
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Simulation of industrial falling films

id fluid T (◦C) Xabs Ka Πρ(×10−3) Πµ(×10−3)
A H2O 9.9 0.00 2420 0.60 9.37
B H2O/LiBr 50.0 0.60 443 0.35 2.45
C H2O/Carrol 50.0 0.67 150 0.35 1.10

Table: Estimated fluid properties dimensionless groups. Because thermal
properties are estimated at a characteristic state, values are rounded to
ease its handling.
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DNS of vertically falling films

Figure: Velocity magnitude on the film surfaces for cases A, B and C at
Re = 150 after T = 100.

Figure: Velocity magnitude on the film surfaces for cases A, B and C at
Re = 200 after T = 100.
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