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Motivation
Research question:

Can we construct numerical discretizations of the Navier-Stokes
equations suitable for complex geometries, such that the symmetry
properties are exactly preserved?

DNS1 of the turbulent flow around a square cylinder at Re “ 22000
1F.X.Trias, A.Gorobets, A.Oliva. Turbulent flow around a square cylinder at Reynolds

number 22000: a DNS study, Computers&Fluids, 123:87-98, 2015.
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Does all this really matter?
Effect of (artificial) numerical dissipation in real-world applications

13×76×20
Δ x

+
=90,Δ ywall

+
=0.5, Δ z

+
=30

19×78×28
Δ x

+
=60,Δ ywall

+
=0.5, Δ z

+
=20

38×78×57
Δ x

+
=30,Δ ywall

+
=0.5, Δ z

+
=10

LES results of a turbulent channel flow. Provided by

Are LES results a merit of the selected LES model?

It seems that NOT! OMG!

Are LES results are merit of the SGS model?

Apparently NOT!!! 7

2E.M.J.Komen, L.H.Camilo, A.Shams, B.J.Geurts, B.Koren. A quantification method
for numerical dissipation in quasi-DNS and under-resolved DNS, and effects of numerical
dissipation in quasi-DNS and under-resolved DNS of turbulent channel flows, Journal of
Computational Physics, 345, 565-595, 2017.
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Does all this really matter?
Effect of (artificial) numerical dissipation in real-world applications

LES results of a turbulent channel flow. Provided by

Artificial numerical dissipation, ν
num

, is bigger than 

the dissipation of the subgrid scale ( SGS ) model, ν
SGS

ν
SGS

<ν
num But this should be zero!

νSGS ă

νnum ‰ 0
3E.M.J.Komen, L.H.Camilo, A.Shams, B.J.Geurts, B.Koren. A quantification method

for numerical dissipation in quasi-DNS and under-resolved DNS, and effects of numerical
dissipation in quasi-DNS and under-resolved DNS of turbulent channel flows, Journal of
Computational Physics, 345, 565-595, 2017.
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Symmetry-preserving discretization

Continuous

Discrete

Bu
Bt ` C pu,uq “ ν∇2u ´∇p

∇¨u “ 0

Ωduh
dt ` C puhquh “ Duh ´Gph

Muh “ 0h

〈a,b〉 “
ż

Ω
abdΩ

〈C pu, ϕ1q, ϕ2〉 “ ´ 〈C pu, ϕ2q, ϕ1〉
〈∇¨a, ϕ〉 “ ´ 〈a,∇ϕ〉〈
∇2a,b

〉
“

〈
a,∇2b

〉

〈ah,bh〉h “ aT
h Ωbh

C puhq “ ´CT puhq

ΩG “ ´MT

D “ DT def ´

7 / 22



Motivation Preserving symmetries: collocated vs staggered Building a staggered formulation Conclusions

Symmetry-preserving discretization

Continuous Discrete

Bu
Bt ` C pu,uq “ ν∇2u ´∇p

∇¨u “ 0

Ωduh
dt ` C puhquh “ Duh ´Gph

Muh “ 0h

〈a,b〉 “
ż

Ω
abdΩ

〈C pu, ϕ1q, ϕ2〉 “ ´ 〈C pu, ϕ2q, ϕ1〉
〈∇¨a, ϕ〉 “ ´ 〈a,∇ϕ〉〈
∇2a,b

〉
“

〈
a,∇2b

〉

〈ah,bh〉h “ aT
h Ωbh

C puhq “ ´CT puhq

ΩG “ ´MT

D “ DT def ´

7 / 22



Motivation Preserving symmetries: collocated vs staggered Building a staggered formulation Conclusions

Symmetry-preserving discretization

Continuous Discrete

Bu
Bt ` C pu,uq “ ν∇2u ´∇p

∇¨u “ 0

Ωduh
dt ` C puhquh “ Duh ´Gph

Muh “ 0h

〈a,b〉 “
ż

Ω
abdΩ

〈C pu, ϕ1q, ϕ2〉 “ ´ 〈C pu, ϕ2q, ϕ1〉
〈∇¨a, ϕ〉 “ ´ 〈a,∇ϕ〉〈
∇2a,b

〉
“

〈
a,∇2b

〉

〈ah,bh〉h “ aT
h Ωbh

C puhq “ ´CT puhq

ΩG “ ´MT

D “ DT def ´

7 / 22



Motivation Preserving symmetries: collocated vs staggered Building a staggered formulation Conclusions

Symmetry-preserving discretization

Continuous Discrete

Bu
Bt ` C pu,uq “ ν∇2u ´∇p

∇¨u “ 0

Ωduh
dt ` C puhquh “ Duh ´Gph

Muh “ 0h

〈a,b〉 “
ż

Ω
abdΩ

〈C pu, ϕ1q, ϕ2〉 “ ´ 〈C pu, ϕ2q, ϕ1〉

〈∇¨a, ϕ〉 “ ´ 〈a,∇ϕ〉〈
∇2a,b

〉
“

〈
a,∇2b

〉

〈ah,bh〉h “ aT
h Ωbh

C puhq “ ´CT puhq

ΩG “ ´MT

D “ DT def ´

7 / 22



Motivation Preserving symmetries: collocated vs staggered Building a staggered formulation Conclusions

Symmetry-preserving discretization

Continuous Discrete

Bu
Bt ` C pu,uq “ ν∇2u ´∇p

∇¨u “ 0

Ωduh
dt ` C puhquh “ Duh ´Gph

Muh “ 0h

〈a,b〉 “
ż

Ω
abdΩ

〈C pu, ϕ1q, ϕ2〉 “ ´ 〈C pu, ϕ2q, ϕ1〉
〈∇¨a, ϕ〉 “ ´ 〈a,∇ϕ〉

〈
∇2a,b

〉
“

〈
a,∇2b

〉

〈ah,bh〉h “ aT
h Ωbh

C puhq “ ´CT puhq

ΩG “ ´MT

D “ DT def ´

7 / 22



Motivation Preserving symmetries: collocated vs staggered Building a staggered formulation Conclusions

Symmetry-preserving discretization

Continuous Discrete

Bu
Bt ` C pu,uq “ ν∇2u ´∇p

∇¨u “ 0

Ωduh
dt ` C puhquh “ Duh ´Gph

Muh “ 0h

〈a,b〉 “
ż

Ω
abdΩ

〈C pu, ϕ1q, ϕ2〉 “ ´ 〈C pu, ϕ2q, ϕ1〉
〈∇¨a, ϕ〉 “ ´ 〈a,∇ϕ〉〈
∇2a,b

〉
“

〈
a,∇2b

〉

〈ah,bh〉h “ aT
h Ωbh

C puhq “ ´CT puhq

ΩG “ ´MT

D “ DT def ´

7 / 22



Motivation Preserving symmetries: collocated vs staggered Building a staggered formulation Conclusions

Collocated vs staggered

Collocated

8 / 22



Motivation Preserving symmetries: collocated vs staggered Building a staggered formulation Conclusions

Collocated vs staggered

Collocated

u1

u2

p
u
2

u
1

p

8 / 22



Motivation Preserving symmetries: collocated vs staggered Building a staggered formulation Conclusions

Collocated vs staggered

Collocated

u1

u2

p
u
2

u
1

p

8 / 22



Motivation Preserving symmetries: collocated vs staggered Building a staggered formulation Conclusions

Collocated vs staggered

Staggered

8 / 22



Motivation Preserving symmetries: collocated vs staggered Building a staggered formulation Conclusions

Collocated vs staggered

Staggered

p

v

u

uf3

uf2

uf1
p

8 / 22



Motivation Preserving symmetries: collocated vs staggered Building a staggered formulation Conclusions

Collocated vs staggered

Staggered

p

v

u

uf3

uf2

uf1
p

8 / 22



Motivation Preserving symmetries: collocated vs staggered Building a staggered formulation Conclusions

Why staggered?

Everything seems to be in the right place!

Ωs
dus
dt ` C pusqus “ Dus ´Gpc ; Mus “ 0c

Let’s consider we have us such as

Mus ‰ 0c

then, we can easily project us

us “ us ´Gpc

Finally, this leads to a Poisson eq.

MGpc “ Mus

uf3

uf2

uf1
p

If ΩsG “ ´MT ùñ 〈us ,Gpc〉h “ uT
s ΩsGpc “ ´pMusq

T pc “ 0
〈∇¨a, ϕ〉 “ ´ 〈a,∇ϕ〉 ùñ 〈u,∇p〉 “ ´ 〈∇¨u, p〉 “ 0
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But is this discrete Laplacian accurate?

Yes, even for distorted unstructured meshes! And symmetries are preserved!

Without stretching With stretching

∇2ϕ “ f px , yq with f px , yq “ ∇2pk´2 sinpkxq sinpkyqq and k “ 25π
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Then, why collocated arrangements are so popular?

Everything is easy except the pressure-velocity coupling...
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Does all this really matter?
Effect of (artificial) numerical dissipation in real-world applications

Frequently used general purpose CFD codes:

● STAR-CCM+

● ANSYS-FLUENT

● Code-Saturne

● OpenFOAM 

Main common characteristics of LES in such codes:

● Unstructured finite volume method, collocated grid

● 2nd order spatial and temporal discretisation

● Eddy-viscosity type LES models

Ωs
dus
dt ` C pusqus “ Dus ´Gpc ; Mus “ 0c

In staggered meshes
p-us coupling is naturally solved X

C pusq and D difficult to discretize 7

Cheaper, less memory,... X

uf3

uf2

uf1
p
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Pressure-velocity coupling on staggered grids
Works perfectly!

us

us “ us´GL´1M

us

“ pI ´Ω´1
s Psqus “ Fsus

Mus “ Mus ´ MG
loomoon

L

L´1Mus “ 0c
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Pressure-velocity coupling on collocated grids
A vicious circle that cannot be broken...

In summary4:

Mass: MΓcÑsuc “ MΓcÑsuc ´ LcL´1 MΓcÑsuc « 0c 7

Energy: pc pL´ Lcq pc ‰ 0 7

4F.X.Trias, O.Lehmkuhl, A.Oliva, C.D.Pérez-Segarra, R.W.C.P.Verstappen.
Symmetry-preserving discretization of Navier-Stokes equations on collocated
unstructured grids, Journal of Computational Physics, 258 (1): 246-267, 2014.
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4D.Santos, J.Muela, N.Valle, F.X.Trias. On the interpolation problem for the Poisson
equation on collocated meshes, ECCOMAS2020. Don’t miss it!

14 / 22



Motivation Preserving symmetries: collocated vs staggered Building a staggered formulation Conclusions

Pressure-velocity coupling on collocated grids
A vicious circle that cannot be broken...

In summary4:

Mass: MΓcÑsuc “ MΓcÑsuc ´ LcL´1 MΓcÑsuc « 0c 7

Energy: pc pL´ Lcq pc ‰ 0 7

dissipation

Very low

STABLEUNSTABLE!!!

C
h
e
c
k
e
rb

o
a
rd

Ideal target

dissipation

Too much

and pc ⊥ Ker(Lc)

L̃ = Lc

L̃ = Lc pc(L̃− Lc)pc

4Shashank, J.Larsson, G.Iaccarino. A co-located incompressible Navier-Stokes solver
with exact mass, momentum and kinetic energy conservation in the inviscid limit,
Journal of Computational Physics, 229: 4425-4430,2010.

14 / 22



Motivation Preserving symmetries: collocated vs staggered Building a staggered formulation Conclusions

Pressure-velocity coupling on collocated grids
A vicious circle that cannot be broken...

In summary4:

Mass: MΓcÑsuc “ MΓcÑsuc ´ LcL´1 MΓcÑsuc « 0c 7

Energy: pc pL´ Lcq pc ‰ 0 7

dissipation

Very low

STABLEUNSTABLE!!!

C
h
e
c
k
e
rb

o
a
rd

Ideal target

dissipation

Too much

and pc ⊥ Ker(Lc)

L̃ = Lc

L̃ = Lc pc(L̃− Lc)pc

L̃ = L using p′c
L̃ = L

4F.X.Trias, O.Lehmkuhl, A.Oliva, C.D.Pérez-Segarra, R.W.C.P.Verstappen.
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Pressure-velocity coupling on collocated grids
Examples of simulations

Despite these inherent limitations, symmetry-preserving collocated
formulation has been successfully used for DNS/LES simulations5:

5R.Borrell, O.Lehmkuhl, F.X.Trias, A.Oliva. Parallel Direct Poisson solver for
discretizations with one Fourier diagonalizable direction. Journal of Computational
Physics, 230:4723-4741, 2011.
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Can we have a staggered formulation based only on
collocated operators?
Then, it could be easily implemented in existing collocated codes such as OpenFOAM
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Similar approaches have been proposed in the literature before6,7,8,9,10.

Research question: then, why at the end
collocated approach seems to be the winner?
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Does all this really matter?
Effect of (artificial) numerical dissipation in real-world applications

Frequently used general purpose CFD codes:

● STAR-CCM+

● ANSYS-FLUENT

● Code-Saturne

● OpenFOAM 

Main common characteristics of LES in such codes:

● Unstructured finite volume method, collocated grid

● 2nd order spatial and temporal discretisation

● Eddy-viscosity type LES models

6B.Perot. Conservative properties of unstructured staggered meshs chemes. Journal of Comp. Physics, 159: 58-89, 2000
7X.Zhang, D.Schmidt, B.Perot. Accuracy and conservation properties of a three-dimensional unstructured staggered mesh

scheme for fluid dynamics. Journal of Computational Physics, 175: 764-791, 2002.
8K.Mahesh, G.Constantinescu, P.Moin. A numerical method for large-eddy simulation in complex geometries. Journal of

Computational Physics,197: 215-240, 2004.
9J.E.Hicken, F.E.Ham, J.Militzer, M.Koksal. A shift transformation for fully conservative methods: turbulence simulation

on complex, unstructured grids. Journal of Computational Physics, 208:704-734, 2005.
10L.Jofre, O.Lehmkuhl, J.Ventosa, F.X.Trias, A.Oliva. Conservation properties of unstructured finite-volume mesh schemes

for the Navier-Stokes equations. Numerical Heat Transfer, Part B, 65:1-27, 2014.
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Results for a turbulent channel flow at Reτ “ 180
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Concluding remarks

Preserving symmetries either using staggered or
collocated formulations is the key point for reliable
LES/DNS simulations.

Main drawback of collocated formulations: you
either have checkerboard or some (small) amount
of artificial dissipation due to pressure term.
Despite this, the CFD community have generally
adopted collocated formulations due to the inherent
difficulties to formulate a simple and robust
staggered discretization of momentum.
ùñ A potential solution has been presented here...

dissipation

Very low

Rhie&Chow implementation

in OpenFOAM

STABLEUNSTABLE!!!
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h
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rb
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Ideal target

dissipation

Too much

and pc ⊥ Ker(Lc)

L̃ = L

L̃ = Lc

L̃ = Lc pc(L̃− Lc)pc

L̃ = L using p′c
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Does all this really matter?
Effect of (artificial) numerical dissipation in real-world applications

Frequently used general purpose CFD codes:

● STAR-CCM+

● ANSYS-FLUENT

● Code-Saturne

● OpenFOAM 

Main common characteristics of LES in such codes:

● Unstructured finite volume method, collocated grid

● 2nd order spatial and temporal discretisation

● Eddy-viscosity type LES modelsFuture research:
Complete the analysis for higher Reτ (running now...)
Test for complex geometries using unstructured meshes (on-going)
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Thank you for your virtual
attendance
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