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Introducing Poisson equation

Arising in multiple situations such as Computational Fluid Dynamics (CFD),
groundwater flow or heat transfer (HT) simulations.

General variable coefficients Poisson equation
Let α(r, t), φ(r, t), ψ(r, t) ∈ R be scalar fields. Then,

∇ · (α∇φ) = ψ

Discretized Poisson equation with variable coefficients
Let M,G, φh and ψh be the discretized divergence, gradient, φ and ψ,
respectively; and A = diag(αh). Then,

MAGφh = ψh
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Poisson equation in CFD

Governing equations (µ ≡ ct.)

Navier-Stokes: ∂v
∂t

+ (v · ∇)v = ν∆v− 1
ρ
∇p

Incompressibility: ∇ · v = 0

Fractional Step Method (FSM)
1 Evaluate the auxiliar vector field r(vn) := −(v · ∇)v + ν∆v
2 Evaluate the predictor velocity vp := vn + ∆t

(
3
2 r(vn)− 1

2 r(vn−1)
)

3 Obtain the pressure field by solving a Poisson equation:

∇ ·
(

1
ρ
∇pn+1

)
= 1

∆t∇ · v
p

4 Obtain the new divergence-free velocity vn+1 = vp −∇pn+1
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CFD applications – 1

(a) Falling film1 (b) Droplet collision2

1N. Valle (2021). “On the development of Direct Numerical Simulations for falling films” in
PhD Thesis.

2A. Amani et al. (2019). “Numerical study of binary droplets collision in the main collision
regimes” in Chemical Engineering Journal.
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CFD applications – 2

Figure: Fluid injection3

3A. Amani et al. (2021). “Numerical analysis of viscoelastic fluid injection processes” in
ECCOMAS 2020.
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Multiphase flow testcase for ratio ∈
{
10, 102, 103, 106}

Idealized parameters
Dynamic viscosity: µ = 10−4 Ns/m2

Surface tension: σ = ρ1/1000 N/m

Density:
{
ρ0 = 1.0, internal fluid
ρ1 = ratio−1, external fluid

(
kg/m3)

Initial ellipse axis: (a, b) = (1.0m, 0.5m)
Homogeneous mesh ⇒ Ω = (∆x∆y) I

Figure: Initial “bubble” configuration. Figure: Evolved “bubble”.

4N. Valle (2020). “An energy-preserving level set method for multiphase flows” in Journal of
Computational Physics.

8



General concepts Mathematical Framework Numerical experiments Concluding remarks

Mathematical Framework

9



General concepts Mathematical Framework Numerical experiments Concluding remarks

High-ratio Poisson equation – 1

Variable Poisson equation for incompressible multiphase flows

Continuous: ∇ ·
(

1
ρ
∇p
)

= 1
∆t∇ · v

p

Discrete: L̃ph = 1
∆tMvph, where L̃ := MR−1G

Iterative solvers
Pros: Highly parallelizable, low memory requirements, and generally much
faster (especially with well-conditioned large sparse systems).
Cons: Less robust, convergence highly affected by the system’s spectrum.

Convergence theorem for Conjugate Gradient on Ax = b:

‖ek‖A ≤ 2

(√
κ(A)− 1√
κ(A) + 1

)k
‖e0‖A, where κ(A) = λmax(A)

λmin(A)

(Left-) Preconditioning: Find M such that κ(M−1A) < κ(A) and solve:

M−1Ax = M−1b
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High-ratio Poisson equation – 2

Variable and large contrasts in R⇒ L̃ = MR−1G is:


very ill-conditioned
variable
possibly not built explicitly

⇒ “Cheap” preconditioning becomes crucial to use iterative methods5.

Indeed:

L̃ is:

 very ill-conditioned

⇒ M−1 ' L̃−1 is required

variable

⇒ M is variable

possibly not built explicitly

⇒ M shouldn’t require full L̃

11



General concepts Mathematical Framework Numerical experiments Concluding remarks

High-ratio Poisson equation – 2

Variable and large contrasts in R⇒ L̃ = MR−1G is:


very ill-conditioned
variable
possibly not built explicitly

⇒ “Cheap” preconditioning becomes crucial to use iterative methods5.

Indeed:

L̃ is:

 very ill-conditioned

⇒ M−1 ' L̃−1 is required

variable

⇒ M is variable

possibly not built explicitly

⇒ M shouldn’t require full L̃

5A. Alsalti-Baldellou et. al. (2021). “On preconditioning variable Poisson equation with
extreme contrasts in the coefficients” in ECCOMAS 2020.

11



General concepts Mathematical Framework Numerical experiments Concluding remarks

High-ratio Poisson equation – 2

Variable and large contrasts in R⇒ L̃ = MR−1G is:


very ill-conditioned
variable
possibly not built explicitly

⇒ “Cheap” preconditioning becomes crucial to use iterative methods5.

Indeed:

L̃ is:

 very ill-conditioned

⇒ M−1 ' L̃−1 is required

variable

⇒ M is variable

possibly not built explicitly

⇒ M shouldn’t require full L̃

5A. Alsalti-Baldellou et. al. (2021). “On preconditioning variable Poisson equation with
extreme contrasts in the coefficients” in ECCOMAS 2020.

11



General concepts Mathematical Framework Numerical experiments Concluding remarks

High-ratio Poisson equation – 2

Variable and large contrasts in R⇒ L̃ = MR−1G is:


very ill-conditioned
variable
possibly not built explicitly

⇒ “Cheap” preconditioning becomes crucial to use iterative methods5.

Indeed:

L̃ is:

 very ill-conditioned ⇒ M−1 ' L̃−1 is required
variable

⇒ M is variable

possibly not built explicitly

⇒ M shouldn’t require full L̃

5A. Alsalti-Baldellou et. al. (2021). “On preconditioning variable Poisson equation with
extreme contrasts in the coefficients” in ECCOMAS 2020.

11



General concepts Mathematical Framework Numerical experiments Concluding remarks

High-ratio Poisson equation – 2

Variable and large contrasts in R⇒ L̃ = MR−1G is:


very ill-conditioned
variable
possibly not built explicitly

⇒ “Cheap” preconditioning becomes crucial to use iterative methods5.

Indeed:

L̃ is:

 very ill-conditioned ⇒ M−1 ' L̃−1 is required
variable ⇒ M is variable
possibly not built explicitly

⇒ M shouldn’t require full L̃

5A. Alsalti-Baldellou et. al. (2021). “On preconditioning variable Poisson equation with
extreme contrasts in the coefficients” in ECCOMAS 2020.

11



General concepts Mathematical Framework Numerical experiments Concluding remarks

High-ratio Poisson equation – 2

Variable and large contrasts in R⇒ L̃ = MR−1G is:


very ill-conditioned
variable
possibly not built explicitly

⇒ “Cheap” preconditioning becomes crucial to use iterative methods5.

Indeed:

L̃ is:

 very ill-conditioned ⇒ M−1 ' L̃−1 is required
variable ⇒ M is variable
possibly not built explicitly ⇒ M shouldn’t require full L̃

5A. Alsalti-Baldellou et. al. (2021). “On preconditioning variable Poisson equation with
extreme contrasts in the coefficients” in ECCOMAS 2020.

11



General concepts Mathematical Framework Numerical experiments Concluding remarks

High-ratio Poisson equation – 3
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Figure: Spectrum of L̃ = MR−1G for various density ratios on a 96 × 96 mesh.
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High-ratio Poisson equation + Dodd & Ferrante

Dodd and Ferrante’s approximation6

Let ρ0 := min{ρ1, ρ2} and p̂ := 2pn − pn−1. Then:

1
ρ
∇p ' 1

ρ0
∇p+

(
1
ρ
− 1
ρ0

)
∇p̂

Variable Poisson equation + Dodd & Ferrante

Continuous: ∇2p = ρ0

∆t∇ · v
p +
(

1− ρ0

ρ

)
∇p̂

Discrete: Lph = ρ0

∆tMvph + M
(
I− ρ0R−1)Gp̂h, where L := MG

6M. S. Dodd and A. Ferrante (2014). “A fast pressure-correction method for incompressible
two-fluid flows” in Journal of Computational Physics.
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So far...

Variable Poisson equation

Continuous: ∇ ·
(

1
ρ
∇p
)

= 1
∆t∇ · v

p

Discrete: L̃ph = 1
∆tMvph, where L̃ := MR−1G

Variable Poisson equation + Dodd & Ferrante

Continuous: ∇2p = ρ0

∆t∇ · v
p +
(

1− ρ0

ρ

)
∇p̂

Discrete: Lph = ρ0

∆tMvph + M
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Exploiting symmetries – 1

(a) 1 symmetry (b) 2 symmetries

Figure: 2D meshes with varying number of symmetries.
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Exploiting symmetries – 2

(a) 1 symmetry (b) 2 symmetries

Figure: Ordering of 2D meshes with varying number of symmetries.
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Exploiting symmetries – 3

Let L be the discrete Laplace operator arising from a mesh with 1 symmetry
and a “symmetry-aware” unknowns’ ordering. Then:

L =
(

Linn Lout
Lout Linn

)
∈ RN×N

Moreover, considering:

S = 1√
2

(
IN/2 IN/2
IN/2 −IN/2

)
∈ RN×N , such that: S−1 = S

leads to:
L̂ = SLS−1 =

(
Linn + Lout 0

0 Linn − Lout

)
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Exploiting symmetries – 4

More generally7, having p mesh symmetries and considering:

S = 1√
2s

[
p⊗
i=1

(
1 1
1 −1

)]
⊗ IN/2s ∈ RN×N , such that: S−1 = S

leads to 2s decoupled subsystems:

(a) L (b) L̂ = SLS−1

Figure: 3D structured mesh exploiting s = 1 symmetries.

7A. Alsalti-Baldellou et al. “Exploiting spatial symmetries for solving Poisson’s equation”,
submitted.
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submitted.
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High-ratio Poisson equation + Dodd & Ferrante + Exploiting symmetries
We saw that high-ratio Poisson under Dodd & Ferrante’s approximation gives:

Lph = bDF,

where L = MG and bDF := ρ0
∆tMvph + M

(
I− ρ0R−1)Gp̂h.

Algorithm 1 High-ratio Poisson + Dodd & Ferrante + Exploiting s symmetries
1 Transform forward the RHS: b̂DF = SbDF

2 Decoupled solution of the 2s subsystems: L̂p̂h = b̂DF

3 Transform backward the solution: ph = S−1p̂h

19
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Lph = bDF,

where L = MG and bDF := ρ0
∆tMvph + M

(
I− ρ0R−1)Gp̂h.

Algorithm 3 High-ratio Poisson + Dodd & Ferrante + Exploiting s symmetries
1 Transform forward the RHS: b̂DF = SbDF

2 Decoupled solution of the 2s subsystems: L̂p̂h = b̂DF

3 Transform backward the solution: ph = S−1p̂h

where:

S = 1√
2s

[
p⊗
i=1

(
1 1
1 −1

)]
⊗ IN/2s , S−1 = S,

and Step 2 corresponds to inverting: L̂1 0
. . .

0 L̂2s


 x̂1

...
x̂2s

 =

 b̂1
...

b̂2s


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Iterative solvers and mesh symmetries

The subsystems’ smaller size has multiple immediate advantages. Namely:
A reduction in Poisson solvers’ time complexity
A reduction in Poisson solvers’ memory footprint
An increase in Poisson solvers’ arithmetic intensity

20



General concepts Mathematical Framework Numerical experiments Concluding remarks

Iterative solvers and mesh symmetries

The subsystems’ smaller size has multiple immediate advantages. Namely:
A reduction in Poisson solvers’ time complexity
A reduction in Poisson solvers’ memory footprint
An increase in Poisson solvers’ arithmetic intensity

In general, L̂ can be split as:

L̂ = · · · =

 Linn 0
. . .

0 Linn

+ L̂out

20



General concepts Mathematical Framework Numerical experiments Concluding remarks

Iterative solvers and mesh symmetries

The subsystems’ smaller size has multiple immediate advantages. Namely:
A reduction in Poisson solvers’ time complexity
A reduction in Poisson solvers’ memory footprint
An increase in Poisson solvers’ arithmetic intensity

In general, L̂ can be split as:

L̂ = · · · =

 Linn 0
. . .

0 Linn

+ L̂out

In particular, compact stencils only coupling adjacent nodes result in:

L̂v = (I2s ⊗ Linn) v︸ ︷︷ ︸
Sparse matrix-matrix

product (SpMM)

+ diag
(̂
lout
)

v︸ ︷︷ ︸
Element-wise product

of vectors (axty)

20



General concepts Mathematical Framework Numerical experiments Concluding remarks

Iterative solvers and mesh symmetries

The subsystems’ smaller size has multiple immediate advantages. Namely:
A reduction in Poisson solvers’ time complexity
A reduction in Poisson solvers’ memory footprint
An increase in Poisson solvers’ arithmetic intensity

In general, L̂ can be split as:

L̂ = · · · =

 Linn 0
. . .

0 Linn

+ L̂out

In particular, compact stencils only coupling adjacent nodes result in:

L̂v = (I2s ⊗ Linn) v︸ ︷︷ ︸
Sparse matrix-matrix

product (SpMM)

+ diag
(̂
lout
)

v︸ ︷︷ ︸
Element-wise product

of vectors (axty)

Given v =
(
v̂t1 . . . v̂t2s

)t ∈ RN , the products (I2s ⊗ Linn) v can be computed as
sparse matrix-dense matrix products:

Linn (v̂1 . . . v̂2s )
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Summary

Variable Poisson equation

Continuous: ∇ ·
(

1
ρ
∇p
)

= 1
∆t∇ · v

p

Discrete: L̃ph = 1
∆tMvph, where L̃ := MR−1G

Variable Poisson equation + Dodd & Ferrante

Continuous: ∇2p = ρ0

∆t∇ · v
p +
(

1− ρ0

ρ

)
∇p̂

Discrete: Lph = bDF,

where L = MG and bDF := ρ0
∆tMvph + M

(
I− ρ0R−1)Gp̂h

Variable Poisson equation + Dodd & Ferrante + Exploiting s symmetries

Continuous: ∇2p = ρ0

∆t∇ · v
p +
(

1− ρ0

ρ

)
∇p̂

Discrete: L̂p̂h = b̂DF, where L̂ := SLS−1, p̂h := Sph and b̂DF := SbDF
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Numerical experiments

22



General concepts Mathematical Framework Numerical experiments Concluding remarks

PCG + Jacobi
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(c) ratio = 102
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(d) ratio = 106

Figure: High-ratio Poisson’s convergence for various density ratios on a 2562 mesh.
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PCG + Incomplete Cholesky (ICCG8)
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8J.A. Meijerink and H.A. van der Vorst (1977). “An Iterative Solution Method for Linear
Systems of Which the Coefficient Matrix is a Symmetric M -Matrix” in Mathematics of
Computation.
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PCG + Sparse Approximate Inverse (SPAI9)
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9M. J. Grote and T. Huckle (1997). “Parallel Preconditioning with Sparse Approximate
Inverses” in SIAM Journal on Scientific Computing.
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Concluding remarks
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Conclusions

Summary:
Dodd and Ferrante’s approximation allows exploiting symmetries for
solving variable Poisson equation.

Meshing complex geometries results simpler.
The overhead of the two (communication-free) transforms is negligible.
Any solver can easily benefit from exploiting symmetries.
Exploiting symmetries accelerates the convergence of the iterative
solvers.
Exploiting symmetries increases the arithmetic intensity of all the matrix
multiplications.
Exploiting symmetries reduces the memory footprint of all the matrices.

Future work:
Evaluate the benefits of exploiting symmetries on a real multiphase
simulation.
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Thanks for your attention!
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