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Conclusions

• Symmetry preserving (SyPr) method extended to include 
magnetohydrodynamic (MHD) flows
• Accuracy on Cartesian grids

• Unconditional stability

• New benchmark case designed using a Taylor-Green vortex (TGV)

2



MHD introduction
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Liquid metals in magnetic field



MHD challenge
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D𝐮

Dt
= ν∇2𝐮 − ∇(p/ρ) + (𝐉 × 𝐁)/ρ• Balancing high forces

• Thin boundary layers
• Cross products & extra Poisson equation

• Location of variables

𝐉 = σ(𝐮 × 𝐁 − ∇φ)

∇2φ = ∇ ∙ (𝐮 × 𝐁)



History of symmetry-preserving method

Conservative symmetric discretization - Verstappen & Veldman (2003)

Collocated unstructured grids - Trias et al. (2014)

Implementation into OpenFoam - Komen et al. (2021)

Extension to MHD
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Symmetry-preserving method

Retaining symmetries in continuous operators
• Conserve energy + unconditionally stable

• Midpoint interpolation for convection

• Uncorrected gradient distances

• S→C interpolation: Γ𝑠𝑐 = Ω−1Γ𝑐𝑠
𝑇Ω𝑠
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Discretisation method
Method of Ni et al. 2007 

𝐮𝑐
𝑝
= 𝐮𝑐

𝑛 − ∆tΩ−1 C 𝐮𝑓
𝑛 + D 𝐮𝑐

𝑛

+
𝐻𝑎2

𝑅𝑒
𝐉𝑐
𝑛 × 𝐁𝑐

𝑛 Predict velocity 

𝐮𝑓
𝑝
= Γ𝑠𝑐𝐮𝑐

𝑝
Interpolate

L෥𝐩𝑐
𝑛+1 = M𝐮𝑓

𝑝
Pressure Poisson

𝐮𝑓
𝑛+1 = 𝐮𝑓

𝑝
− G෥𝐩𝑐

𝑛+1 Correct flux

𝐮𝑐
𝑛+1 = 𝐮𝑐

𝑝
− Γ𝑠𝑐G෥𝐩𝑐

𝑛+1 Update velocity

𝐉𝑐
𝑝
= 𝐮𝑐

𝑛+1 × 𝐁𝑐
𝑛+1 Predict current density

𝐉𝑓
𝑝
= Γ𝑠𝑐 𝐉𝑐

𝑝
Interpolate

L𝛗𝑐
𝑛+1 = M𝐮𝑓

𝑝
Electric potential Poisson

𝐉𝑐
𝑛+1 = Γ𝑠𝑐

𝑁𝑖 (𝐉𝑓
𝑝
− G𝛗𝑐

𝑛+1) Update current density

Ni interpolation (Γ𝑠𝑐
𝑁𝑖):

• Non-consistent:
Γ𝑠𝑐
𝑁𝑖 ≠ Ω−1Γ𝑐𝑠

𝑇Ω𝑠

• Non-conservative:
𝑡𝑟(Ω𝑐) ≠ 𝑡𝑟(Ω𝑠)



Midpoint Volumetric

Ni

1. Ni: 
1

[Ω𝑐]𝑖,𝑖
σ𝑓 J𝑓(𝐫𝑓 − 𝐫𝑖)𝑠𝑓

2. Midpoint

3. Volumetric
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Interpolation methods



Discretisation method
Method of Ni et al. 2007

𝐮𝑐
𝑝
= 𝐮𝑐

𝑛 − ∆tΩ−1 C 𝐮𝑓
𝑛 + D 𝐮𝑐

𝑛

+
𝐻𝑎2

𝑅𝑒
𝐉𝑐
𝑛 × 𝐁𝑐

𝑛

𝐮𝑓
𝑝
= Γ𝑠𝑐𝐮𝑐

𝑝

L෥𝐩𝑐
𝑛+1 = M𝐮𝑓

𝑝

𝐮𝑓
𝑛+1 = 𝐮𝑓

𝑝
− G෥𝐩𝑐

𝑛+1

𝐮𝑐
𝑛+1 = 𝐮𝑐

𝑝
− Γ𝑠𝑐G෥𝐩𝑐

𝑛+1

𝐉𝑐
𝑝
= 𝐮𝑐

𝑛+1 × 𝐁𝑐
𝑛+1

𝐉𝑓
𝑝
= Γ𝑠𝑐 𝐉𝑐

𝑝

L𝛗𝑐
𝑛+1 = M𝐮𝑓

𝑝

𝐉𝑐
𝑛+1 = Γ𝑠𝑐

𝑁𝑖 (𝐉𝑓
𝑝
− G𝛗𝑐

𝑛+1)

Symmetry preserving method

𝐮𝑐
𝑝
= 𝐮𝑐

𝑛 − ∆tΩ−1 C 𝐮𝑓
𝑛 + D 𝐮𝑐

𝑛

+
𝐻𝑎2

𝑅𝑒
𝐉𝑐
𝑛 × 𝐁𝑐

𝑛 − Γ𝑠𝑐
𝑉𝑜𝑙G෥𝐩𝑐

𝑝

𝐮𝑓
𝑝
= Γ𝑠𝑐

𝑉𝑜𝑙𝐮𝑐
𝑝

L෥𝐩′𝑐 = M𝐮𝑓
𝑝

𝐮𝑓
𝑛+1 = 𝐮𝑓

𝑝
− G෥𝐩′𝑐

𝐮𝑐
𝑛+1 = 𝐮𝑐

𝑝
− Γ𝑠𝑐

𝑉𝑜𝑙G෥𝐩′𝑐 ෥𝐩𝑐
𝑛+1 = ෥𝐩𝑐

𝑝
+ ෥𝐩′𝑐

𝐉𝑐
𝑝
= 𝐮𝑐

𝑛+1 × 𝐁𝑐
𝑛+1 − Γ𝑠𝑐

𝑉𝑜𝑙G𝛗𝑐
𝑝

𝐉𝑓
𝑝
= Γ𝑠𝑐

𝑉𝑜𝑙𝐉𝑐
𝑝

L෥𝛗′𝑐 = M𝐮𝑓
𝑝

𝐉𝑐
𝑛+1 = Γ𝑠𝑐

𝑉𝑜𝑙 (𝐉𝑓
𝑝
− G෥𝛗′𝑐) 𝛗𝑐

𝑛+1 = 𝛗𝑐
𝑝
+ ෥𝛗′𝑐

Volumetric interpolation
Predictor fields



Taylor-Green vortex
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Taylor-Green vortex – Energy budgets
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𝐮 ∙
D𝐮

Dt
= ν∇2𝐮 − ∇ p/ρ +

𝐉 × 𝐁

ρ



Taylor-Green vortex – grid distortion
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Grid (65x65): Cartesian → distorted 
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Evolution Transport Pressure diffusion Viscous diffusion Dissipation Lorentz force

SyPr

-0.012 -2E-9 -0.003 -2E-19 -0.013 0.004

Ni

-0.015 -2E-9 -0.017 -2.7E-19 -0.016 0.018

Ana

-0.010 0 0 0 -0.010 0 14



Hunt’s Case 
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Umean = 1.0
Ha = 30
Grid (65x65): Cartesian → distorted 



Hunt’s Case – Results 
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Unconditional stability!
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Conclusions

• Symmetry preserving method extended to include MHD flows
• Accuracy on Cartesian grids

• Unconditional stability

• New benchmark case designed using a Taylor-Green vortex
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Thank you for your attention 

Any questions?

19


