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F. Xavier Trias1, Sara-Medina Šehović1, Andrey Gorobets2, Assensi Oliva1

1 Heat and Mass Transfer Technological Center, Technical University of Catalonia (UPC)
2 Keldysh Institute of Applied Mathematics of RAS, Russia

WCCM-ECCOMAS 2026, Munich, 19-24 July 2026



Motivation Preserving symmetries Energy exchange in multiphysics A framework for multiphysics Results Take-away messages

Contents

1 Motivation

2 Preserving symmetries

3 Energy exchange in multiphysics

4 A framework for multiphysics

5 Results

6 Take-away messages

2 / 23



Motivation Preserving symmetries Energy exchange in multiphysics A framework for multiphysics Results Take-away messages

General motivation: (very) large-scale DNS/LES
For canonical academic flows...

  

DNS

3 / 23



Motivation Preserving symmetries Energy exchange in multiphysics A framework for multiphysics Results Take-away messages

General motivation: (very) large-scale DNS/LES
For canonical academic flows...

  

HPC (High Performance Computing)

DNS

MareNostrum 5-ACC
(Barcelona)

TSUBAME4.0
(Tokyo)

Snellius
(Amsterdam)

rank #8

1120 nodes with:

   2× Intel Shappire Rapids 8460

   1× NVIDIA Hopper 64 GB HBM

   1× Infiniband NDR200

rank #31

240 nodes with:
  2× AMD EPYC 9654 96-Core

  4× NVIDIA H100 SXM5

  1× Infiniband NDR200

rank #165

714 nodes with:

   2× AMD EPYC 9654 96C

   1× Infiniband NDR200

3 / 23



Motivation Preserving symmetries Energy exchange in multiphysics A framework for multiphysics Results Take-away messages

General motivation: (very) large-scale DNS/LES
For canonical academic flows...

  

HPC (High Performance Computing)

Numerical Methods

How to properly discretize NS?

DNS

3 / 23



Motivation Preserving symmetries Energy exchange in multiphysics A framework for multiphysics Results Take-away messages

General motivation: (very) large-scale DNS/LES
For canonical academic flows...

  

HPC (High Performance Computing)

Numerical Methods

SGS models

LES

How to 
properly 
model SGS?

DNS

3 / 23



Motivation Preserving symmetries Energy exchange in multiphysics A framework for multiphysics Results Take-away messages

General motivation: (very) large-scale DNS/LES
For canonical academic flows...

  

Numerical Methods

SGS models

DNS

LES

HPC (High Performance Computing)

3 / 23



Motivation Preserving symmetries Energy exchange in multiphysics A framework for multiphysics Results Take-away messages

General motivation: (very) large-scale DNS/LES
...but also for industrial applications

  

Numerical Methods

SGS models

DNS

LES

HPC (High Performance Computing)

3 / 23



Motivation Preserving symmetries Energy exchange in multiphysics A framework for multiphysics Results Take-away messages

General motivation: (very) large-scale DNS/LES
...but also for industrial applications

  

Numerical Methods

DNS

LES

SGS models

HPC (High Performance Computing)

3 / 23



Motivation Preserving symmetries Energy exchange in multiphysics A framework for multiphysics Results Take-away messages

Numerical methods for DNS/LES
Research question #1:

Can we construct numerical discretizations of the Navier-Stokes
equations suitable for complex geometries, such that the symmetry
properties are exactly preserved?

DNS1 of the flow around a square cylinder at Re “ 55000 (2.6B grid points)

1F.X.Trias, À.Alsalti-Baldellou, A.Oliva. On the Reynolds-number scaling of Poisson
solver complexity, Physics of Fluids, 38 (4):045157, 2026.
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Symmetry-preserving discretization

Continuous

Discrete

Bu
Bt ` C pu, uq “ ν∇2u ´ ∇p

∇¨u “ 0

Ωduh
dt ` C puhq uh “ Duh ´ Gph

Muh “ 0h

⟨a, b⟩ “

ż

Ω
abdΩ

⟨C pu, φ1q, φ2⟩ “ ´ ⟨C pu, φ2q, φ1⟩
⟨∇¨a, φ⟩ “ ´ ⟨a, ∇φ⟩〈
∇2a, b

〉
“

〈
a, ∇2b

〉

⟨ah, bh⟩h “ aT
h Ωbh

C puhq “ ´CT puhq

ΩG “ ´MT

D “ DT def ´
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Why a collocated formulation?

Everything is easy except the pressure-velocity coupling...

8/32

Does all this really matter?
Effect of (artificial) numerical dissipation in real-world applications

Frequently used general purpose CFD codes:

● STAR-CCM+

● ANSYS-FLUENT

● Code-Saturne

● OpenFOAM 

Main common characteristics of LES in such codes:

● Unstructured finite volume method, collocated grid

● 2nd order spatial and temporal discretisation

● Eddy-viscosity type LES models

Ωs
dus
dt ` C pusq us “ Dus ´ Gpc ; Mus “ 0c

In staggered meshes
p-us coupling is naturally solved ✓

C pusq and D difficult to discretize ✗

Cheaper, less memory,... ✓

uf3

uf2

uf1
p
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A fully-conservative discretization is presented in this paper. The same principles followed

by Verstappen and Veldman (2003) [3] are generalized for unstructured meshes. Here, a

collocated-mesh scheme is preferred over a staggered one due to its simpler form for such

meshes. The basic idea behind this approach remains the same: mimicking the crucial

symmetry properties of the underlying differential operators, i.e., the convective operator

is approximated by a skew-symmetric matrix and the diffusive operator by a symmetric,

positive-definite matrix. A novel approach to eliminate the checkerboard spurious modes

without introducing any non-physical dissipation is proposed. To do so, a fully-conservative

regularization of the convective term is used. The supraconvergence of the method is

numerically showed and the treatment of boundary conditions is discussed. Finally, the

new discretization method is successfully tested for a buoyancy-driven turbulent flow in a

differentially heated cavity.

 2013 Elsevier Inc. All rights reserved.

1. Introduction

We consider the simulation of turbulent, incompressible flows of Newtonian fluids. Under these assumptions, the dimen-

sionless governing equations in primitive variables are

∂u

∂t
+ (u · ∇)u =

1

Re
�u − ∇p, (1a)

∇ · u = 0, (1b)

where Re is the dimensionless Reynolds number. The basic physical properties of the Navier–Stokes (NS) equations can be

deduced from the symmetries of the differential operators (see [1], for instance). In a discrete sense, it suffices to retain

such operator symmetries to preserve the analogous (invariant) properties of the continuous equations. It may be argued,

especially if the method is going to be used on unstructured meshes, that accuracy may need to take precedence over

the properties of the operators. However, in this work, we have adopted the same philosophy followed by Verstappen and

Veldman [2,3]: symmetries of the convective and diffusive operators are critical to the dynamics of turbulence and must be

preserved.

* Corresponding author.

E-mail addresses: xavi@cttc.upc.edu (F.X. Trias), oriol@cttc.upc.edu (O. Lehmkuhl), cttc@cttc.upc.edu (A. Oliva), segarra@cttc.upc.edu (C.D. Pérez-Segarra),

R.W.C.P.Verstappen@rug.nl (R.W.C.P. Verstappen).
1 Tel.: +34 93 739 81 92; fax: +34 93 739 81 01.

0021-9991/$ – see front matter  2013 Elsevier Inc. All rights reserved.
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a b s t r a c t 

A new conservative symmetry-preserving second-order time-accurate PISO-based pressure-velocity cou- 

pling for solving the incompressible Navier-Stokes equations on unstructured collocated grids is presented 

in this paper. This new method for implicit time stepping is an extension of the conservative symmetry- 

preserving incremental-pressure projection method for explicit time stepping and unstructured collocated 

meshes of Trias et al. [35]. In order to assess and compare both methods, we have implemented them 

within one unified solver in the open source code OpenFOAM where we use a Butcher array to prescribe 

the Runge-Kutta method. Thus, by changing the entries of the Butcher array, explicit and diagonally im- 

plicit Runge-Kutta schemes can be combined into one solver. We assess the energy conservation proper- 

ties of the implemented discretisation methods and the temporal consistency of the selected Runge-Kutta 

schemes using Taylor-Green vortex and lid-driven cavity flow test cases. Finally, we use a more complex 

turbulent channel flow test case in order to further assess the performance of the presented new conser- 

vative symmetry-preserving incremental-pressure PISO-based method. 

Although both implemented methods are based on a symmetry-preserving discretisation, we show they 

still produce a small amount of numerical dissipation when the total pressure is directly solved from a 

Poisson equation. When an incremental-pressure approach is used, where a pressure correction is solved 

from a Poisson equation, both methods are effectively fully-conservative. For high-fidelity simulations of 

incompressible turbulent flows, it is highly desirable to use fully-conservative methods. For such simu- 

lations, the presented numerical methods are therefore expected to have large added value, since they 

pave the way for the execution of truly energy-conservative high-fidelity simulations in complex geome- 

tries. Furthermore, both methods are implemented in OpenFOAM, which is widely used within the CFD 

community, so that a large part of this community can benefit from the developed and implemented 

numerical methods. 

© 2021 Elsevier Ltd. All rights reserved. 

1. Introduction 

The conservation of mass and momentum is governed by the 

continuity and Navier-Stokes equations respectively. From this, 

it can be derived that kinetic energy is also conserved in the 

limit of inviscid incompressible flow. Therefore, numerical methods 

which conserve kinetic energy are essential for high-fidelity sim- 

ulations of incompressible turbulent flows, see e.g. Castano et al. 

[7] , Shashank et al. [32] . The discrete conservation properties of 

numerical methods for turbulent flow simulations depend strongly 

∗ Corresponding author. 

E-mail address: komen@nrg.eu (E.M.J. Komen). 

on how the flow variables are arranged on the grid. For the stag- 

gered grid arrangement, numerical methods which conserve both 

mass, momentum, and kinetic energy are published in quite a 

number of papers, e.g., Ham et al. [14] and Morinishi et al. [25] . 

However, the application of the staggered mesh approach to ar- 

bitrary unstructured grids for complex solution domains is rather 

complicated. 

In contrast, the collocated grid arrangement has a much sim- 

pler data structure and is therefore more convenient for the treat- 

ment of complex solution domains. This is especially true when a 

multigrid procedure is used [29] . Furthermore, the collocated grid 

offers shorter computational times and reduces the required mem- 

ory storage. These advantages are probably the reason why the 

collocated mesh approach is commonly used in commercial codes 

https://doi.org/10.1016/j.compfluid.2021.104979 

0045-7930/© 2021 Elsevier Ltd. All rights reserved. 

Ωc
duc
dt ` C pusq uc “ Duc ´ Gcpc ; Mcuc “ 0c

In collocated meshes
p-uc coupling is cumbersome ✗

C pusq and D easy to discretize ✓

Cheaper, less memory,... ✓

u
2

u
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p
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In contrast, the collocated grid arrangement has a much sim- 

pler data structure and is therefore more convenient for the treat- 

ment of complex solution domains. This is especially true when a 

multigrid procedure is used [29] . Furthermore, the collocated grid 

offers shorter computational times and reduces the required mem- 

ory storage. These advantages are probably the reason why the 

collocated mesh approach is commonly used in commercial codes 

https://doi.org/10.1016/j.compfluid.2021.104979 

0045-7930/© 2021 Elsevier Ltd. All rights reserved. 

Ωc
duc
dt ` C pusq uc “ Duc ´ Gcpc ; Mcuc “ 0c

In collocated meshes
p-uc coupling is cumbersome ✗

C pusq and D easy to discretize ✓

Cheaper, less memory,... ✓

u
2

u
1

p
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Pressure-velocity coupling on collocated grids
A vicious circle that cannot be broken can almost be broken...
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Results for an inviscid Taylor-Green vortex3

3E.Komen, J.A.Hopman, E.M.A.Frederix, F.X.Trias, R.W.C.P.Verstappen. A
symmetry-preserving second-order time-accurate PISO-based method, Computers &
Fluids, 225:104979, 2021.
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Pressure-velocity coupling on collocated grids
... and make it unconditionally stable4 even on extremely bad meshes!
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4D.Santos, J.A.Hopman, C.D.Pérez-Segarra, F.X.Trias. On a symmetry-preserving
unconditionally stable projection method on collocated unstructured grids for
incompressible flows, Journal of Computational Physics, 523:113631, 2025.
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Pressure-velocity coupling on collocated grids
... and make it unconditionally stable4 even on extremely bad meshes!
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æçèé êëìí îéïðñòèéçîé ïçî óëôõèïèëôé öëì çð÷èôø ð éùúúîïìùûüìîéîì÷èôø ýôóëôõèïèëôðòòù éïðñòî
üìëþîóïèëô úîïçëõ öëì èôóëúüìîééèñòî ÿëêé✱ éýóç ðé P■❙❖ ëì ❋ìðóïèëôðò ❙ïîü ▼îïçëõ ✭❋❙▼✮✱ ëô
óëòòëóðïîõ ýôéïìýóïýìîõ øìèõé ñðéîõ ëô ð óëúüðóï éïîôóèò Pëèééëô î❡ýðïèëô✳ ■ïé öëìúýòðïèëô èé
ñðéîõ ëô üìîéîì÷èôø ïçî ýôõîìòùèôø éùúúîïìèîé ëö ïçî õè✂îìîôïèðò ëüîìðïëìé✳ ■ô ðõõèïèëô✱ ð øîôîìðò
ïçîëìîú öëì ïçîéî ïùüîé ëö üìëþîóïèëô úîïçëõé êèòò ñî üìë÷îô✳ æë îéïðñòèéç ðô ýôóëôõèïèëôðòòù
éïðñòî úîïçëõ✱ ïçèé ïçîëìîú øè÷îé ïçî úðïçîúðïèóðò ìî❡ýèìîúîôïé öëì ïçî ëüîìðïëìé ðôõ ïçî
øîëúîïìèóðò óëôõèïèëôé ð úîéç úýéï éðïèéöù✱ î÷îô èô óðéîé êçîìî ïçî úîéç èé çèøçòù õèéïëìïîõ✳

æçèé êèòò ñî üìë÷îô ñëïç ïçîëìîïèóðòòù ðôõ ôýúîìèóðòòù✳ ❈ëôéîì÷ðïèëô ëö ✭øòëñðò✮ íèôîïèó îôîìøù èé
ðòéë ð íîù öîðïýìî èô éèúýòðïèëôé✳ ❲èïçèô ïçèé óëôïî①ï✱ ïêë óðôëôèóðò óðéîé ðìî ïîéïîõ✱ ð ïýìñýòîôï
óçðôôîò ÿëê ðï �✄☎ ❂ ✸✾✺ ïë éçëê ïçî ìëñýéïôîéé ëö ïçî úîïçëõ✱ ðôõ ðô ðèìû➇òòîõ õè✂îìîôïèðòòù
çîðïîõ óð÷èïù ðï �✆ ❂ ✶✵✁✝ ✭ñðéîõ ëô ïçî óð÷èïù çîèøçï✮✱ ïë éçëê ïçðï ïçî ✭ðìïè➇óèðò✮ íèôîïèó îôîìøù
îììëì èôïìëõýóîõ ñù ïçî üìîééýìî èé ôîøðïè÷î ðôõ ÷îìù éúðòò óëúüðìîõ êèïç ïçî üçùéèóðò õèééèüðïèëô✳

✞✟ ✠♥tr♦❞✉❝t✐♦♥

❚❤❡ ◆❛✈✐❡r✲❙t♦✡❡s ❡q☛❛t✐♦♥s s❡r✈❡ ❛s t❤❡ ❜❛s✐s ❢♦r ☞❡s❝r✐❜✐♥❣ ♠❛ss ❛♥☞ ♠♦♠❡♥t☛♠ ❝♦♥s❡r✈❛t✐♦♥ ✐♥ ➈☛✐☞ ☞②♥❛♠✐❝s✌ ❉❡s♣✐t❡ ❤❛✈✐♥❣

❜❡❡♥ ❢♦r♠☛❧❛t❡☞ ❧♦♥❣ ❛❣♦✍ t❤❡s❡ ❡q☛❛t✐♦♥s ❧❛❝✡ ❛♥❛❧②t✐❝❛❧ s♦❧☛t✐♦♥s ❢♦r ❣❡♥❡r❛❧ ❝❛s❡s✌ ❍❡♥❝❡✍ ♥☛♠❡r✐❝❛❧ ♠❡t❤♦☞s ♣❧❛② ❛ ❝r☛❝✐❛❧ r♦❧❡ ✐♥
♣r♦✈✐☞✐♥❣ ♥☛♠❡r✐❝❛❧ ❛♣♣r♦✎✐♠❛t✐♦♥s✌ ❆ ♣r♦♠✐♥❡♥t ❢❛♠✐❧② ♦❢ ♥☛♠❡r✐❝❛❧ ♠❡t❤♦☞s ❛♣♣❧✐❝❛❜❧❡ t♦ r❡s♦❧✈✐♥❣ t❤❡s❡ ❡q☛❛t✐♦♥s ✐s t❤❡ ✏✐♥✐t❡
❱♦❧☛♠❡ ✑❡t❤♦☞s ✒✏❱✑✓✌ ❘❡♥♦✔♥❡☞ ❢♦r t❤❡✐r ❛♣♣❛r❡♥t ♠❛t❤❡♠❛t✐❝❛❧ s✐♠♣❧✐❝✐t② ❛♥☞ ❛♥ ✐♥t☛✐t✐✈❡ ❣r❛s♣ ♦❢ t❤❡ ❢☛♥☞❛♠❡♥t❛❧ ♣❤②s✐❝s
❡♠❜❡☞☞❡☞ ✐♥ t❤❡ ❡q☛❛t✐♦♥s✍ ✏❱✑ st❛♥☞s ❛s ❛♥ ✐♥☞✐s♣❡♥s❛❜❧❡ t♦♦❧✌

✕❤✐❧❡ ❛ st❛❣❣❡r❡☞ ❝♦♥✖❣☛r❛t✐♦♥ ✐s ♦❢t❡♥ ☞❡❡♠❡☞ t❤❡ ♥❛t☛r❛❧ ❝❤♦✐❝❡ ❢♦r ❛♣♣❧②✐♥❣ ✏❱✑ t♦ ☞✐s❝r❡t✐③❡ ❡q☛❛t✐♦♥s ❬✗❹✘❪✍ ♣r❛❝t✐❝❛❧
❝♦♥s✐☞❡r❛t✐♦♥s ❢r❡q☛❡♥t❧② ❧❡❛☞ t♦ ❛ ❝♦❧❧♦❝❛t❡☞ ❣r✐☞ ❛rr❛♥❣❡♠❡♥t✍ ✔❤✐❝❤ ✐s t❤❡ ❝❤♦✐❝❡ ♦❢ t❤✐s ✔♦r✡✌ ❉❡s♣✐t❡ ✐ts ☞❡♣❛rt☛r❡ ❢r♦♠ t❤❡
s❡❡♠✐♥❣❧② ♠♦r❡ ♥❛t☛r❛❧ st❛❣❣❡r❡☞ ❛♣♣r♦❛❝❤✍ t❤✐s ❝❤♦✐❝❡ ✐s ❢❛✈♦r❡☞ ❢♦r ✐ts s✐♠♣❧✐❝✐t② ✐♥ ❤❛♥☞❧✐♥❣ ❝♦♠♣❧❡✎ ❣❡♦♠❡tr✐❡s ❛♥☞ ✐ts ❝♦♠♣☛t❛✲

t✐♦♥❛❧ ❡✙❝✐❡♥❝② ❬✹✍✚❪✌ ❚❤✐s ♣r❛❣♠❛t✐❝ ❛♣♣r♦❛❝❤ ✐s ♥♦t❛❜❧② ❡♠❜r❛❝❡☞ ❜② ❧❡❛☞✐♥❣ s♦❢t✔❛r❡ s☛❝❤ ❛s ❆◆❙❨❙✲✏▲❯✛◆❚ ❬✻❪ ❛♥☞ ✜♣❡♥✏✜❆✑

❬✼❪✍ ❛♠♦♥❣ ♠❛♥② ♦t❤❡rs✌
◆☛♠❡r♦☛s ❝❤❛❧❧❡♥❣❡s ❛♥☞ ✐♥st❛❜✐❧✐t✐❡s ❝❛♥ ❛r✐s❡ ✐♥ t❤❡ ♥☛♠❡r✐❝❛❧ s♦❧☛t✐♦♥ ♦❢ t❤❡s❡ ❡q☛❛t✐♦♥s✌ ✑❛✐♥t❛✐♥✐♥❣ ❡♥❡r❣② ❝♦♥s❡r✈❛t✐♦♥

✐s ❢☛♥☞❛♠❡♥t❛❧ t♦ ❛❝❤✐❡✈✐♥❣ ❛❝❝☛r❛t❡ ♥☛♠❡r✐❝❛❧ s♦❧☛t✐♦♥s✍ ❛s ✐♥tr♦☞☛❝✐♥❣ ☛♥♣❤②s✐❝❛❧ ❡♥❡r❣② ❝❛♥ ❧❡❛☞ t♦ ✐♥st❛❜✐❧✐t② ✐♥ s✐♠☛❧❛t✐♦♥s✌
❈♦♥s❡r✈❛t✐♦♥ ♦❢ ♠❛ss✍ ♠♦♠❡♥t☛♠✍ ❛♥☞ ✡✐♥❡t✐❝ ❡♥❡r❣② ♥❡❝❡ss❛r② ❛♥☞ s☛✙❝✐❡♥t ❝♦♥☞✐t✐♦♥s ❢♦r ❝♦♠♣r❡ss✐❜❧❡ ➈♦✔s ♦♥ ☛♥str☛❝t☛r❡☞

✯ ×ØÏÏ❮ÒÑØÕÜÔÕÖ Û✢❰✣ØÏ✤
❊✥➦➑➐➒ ➑➟➟→➌➣➣➌➣➱ ÜÛÕÔ❮Ù✤ÒÛÕ❰ØÒ✤Ò❮ÏÏÛÕØ❅✢ÑÚ✤❮Ü✢ ✦❉✤ ✃ÛÕ❰ØÒ✧★ ❥ÛÕÕ❮Ò✤✣ØÑ❒ÛÕ❅✢ÑÚ✤❮Ü✢ ✦❏✤✩✤ ✪ØÑ❒ÛÕ✧★ ÚÜÛÓÔÜ✤Ñ❮Ï❮✫✤Ò❮ÖÛÏÏÛ❅✢ÑÚ✤❮Ü✢ ✦×✤❉✤ ÝéÏ❮✫Ð✃❮ÖÛÏÏÛ✧★

✬ÏÛÕÚ❮ÒÚ✤✰ÛÓÔ❮Ï✤❰ÏÔÛÒ❅✢ÑÚ✤❮Ü✢ ✦ã✤❳✤ ✴ÏÔÛÒ✧✤

çïïüé✿✷✷õëè✳ëìø✷✽❀✳✽❀✽❁✷þ✳þóü✳❃❀❃❄✳✽✽❇❁❇✽

●îóîè÷îõ ✽ ▼ðìóç ❃❀❃❄❑ ●îóîè÷îõ èô ìî÷èéîõ öëìú ◗ ❩ë÷îúñîì ❃❀❃❄❑ ❭óóîüïîõ ❃❄ ❩ë÷îúñîì ❃❀❃❄

 

4D.Santos, J.A.Hopman, C.D.Pérez-Segarra, F.X.Trias. On a symmetry-preserving
unconditionally stable projection method on collocated unstructured grids for
incompressible flows, Journal of Computational Physics, 523:113631, 2025.
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Pressure-velocity coupling on collocated grids
... and make it unconditionally stable4 even on extremely bad meshes!
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➋➌➍➎➏➐➍➑➒ ➓➏➐➔➌→➣➐↔↕ ➙➛ ➜➑↔➑➒➙➏➐➑➝ ➞➌➑↔ ➑➏➟ ➠➑➣➣ ➋→➑➏➣➛➌→ ➋➌➍➎➏➙➒➙➡➐➍➑➒ ➜➌➏↔➌→ ➢➜➋➋➜➤➝ ➜➥ ➜➙➒➙➦ ➧➧ ➨➩➐➒➟➐➏➡ ➋➫➭➝ ➋➌→→➑➣➣➑➝ ➯➲➳➳➳➝ ➨➑→➍➌➒➙➏➑➝
➵➸➑➐➏

➺ ➻ ➼ ➽ ➾ ➚ ➪ ➽ ➶ ➹ ➘ ➺ ➴ ➷ ➼ ➻ ➺ ➾ ➼

➬➌↕➮➙→➟➣➱
✃❐❒❒❮❰Ï❐ÐÑÏ❮Ò❮ÏÓÔÕÖ
×ØÙÙØÚÛ❰❮Ü
ÝÞ✃ß
àÕÚØÕÜÔ❰ÔØÕÛÙÙ❐ Ò❰ÛáÙ❮
âÕ❮ÏÖ❐ÐÑÏ❮Ò❮ÏÓÔÕÖ
ãäå

æçèé êëìí îéïðñòèéçîé ïçî óëôõèïèëôé öëì çð÷èôø ð éùúúîïìùûüìîéîì÷èôø ýôóëôõèïèëôðòòù éïðñòî
üìëþîóïèëô úîïçëõ öëì èôóëúüìîééèñòî ÿëêé✱ éýóç ðé P■❙❖ ëì ❋ìðóïèëôðò ❙ïîü ▼îïçëõ ✭❋❙▼✮✱ ëô
óëòòëóðïîõ ýôéïìýóïýìîõ øìèõé ñðéîõ ëô ð óëúüðóï éïîôóèò Pëèééëô î❡ýðïèëô✳ ■ïé öëìúýòðïèëô èé
ñðéîõ ëô üìîéîì÷èôø ïçî ýôõîìòùèôø éùúúîïìèîé ëö ïçî õè✂îìîôïèðò ëüîìðïëìé✳ ■ô ðõõèïèëô✱ ð øîôîìðò
ïçîëìîú öëì ïçîéî ïùüîé ëö üìëþîóïèëô úîïçëõé êèòò ñî üìë÷îô✳ æë îéïðñòèéç ðô ýôóëôõèïèëôðòòù
éïðñòî úîïçëõ✱ ïçèé ïçîëìîú øè÷îé ïçî úðïçîúðïèóðò ìî❡ýèìîúîôïé öëì ïçî ëüîìðïëìé ðôõ ïçî
øîëúîïìèóðò óëôõèïèëôé ð úîéç úýéï éðïèéöù✱ î÷îô èô óðéîé êçîìî ïçî úîéç èé çèøçòù õèéïëìïîõ✳

æçèé êèòò ñî üìë÷îô ñëïç ïçîëìîïèóðòòù ðôõ ôýúîìèóðòòù✳ ❈ëôéîì÷ðïèëô ëö ✭øòëñðò✮ íèôîïèó îôîìøù èé
ðòéë ð íîù öîðïýìî èô éèúýòðïèëôé✳ ❲èïçèô ïçèé óëôïî①ï✱ ïêë óðôëôèóðò óðéîé ðìî ïîéïîõ✱ ð ïýìñýòîôï
óçðôôîò ÿëê ðï �✄☎ ❂ ✸✾✺ ïë éçëê ïçî ìëñýéïôîéé ëö ïçî úîïçëõ✱ ðôõ ðô ðèìû➇òòîõ õè✂îìîôïèðòòù
çîðïîõ óð÷èïù ðï �✆ ❂ ✶✵✁✝ ✭ñðéîõ ëô ïçî óð÷èïù çîèøçï✮✱ ïë éçëê ïçðï ïçî ✭ðìïè➇óèðò✮ íèôîïèó îôîìøù
îììëì èôïìëõýóîõ ñù ïçî üìîééýìî èé ôîøðïè÷î ðôõ ÷îìù éúðòò óëúüðìîõ êèïç ïçî üçùéèóðò õèééèüðïèëô✳

✞✟ ✠♥tr♦❞✉❝t✐♦♥

❚❤❡ ◆❛✈✐❡r✲❙t♦✡❡s ❡q☛❛t✐♦♥s s❡r✈❡ ❛s t❤❡ ❜❛s✐s ❢♦r ☞❡s❝r✐❜✐♥❣ ♠❛ss ❛♥☞ ♠♦♠❡♥t☛♠ ❝♦♥s❡r✈❛t✐♦♥ ✐♥ ➈☛✐☞ ☞②♥❛♠✐❝s✌ ❉❡s♣✐t❡ ❤❛✈✐♥❣

❜❡❡♥ ❢♦r♠☛❧❛t❡☞ ❧♦♥❣ ❛❣♦✍ t❤❡s❡ ❡q☛❛t✐♦♥s ❧❛❝✡ ❛♥❛❧②t✐❝❛❧ s♦❧☛t✐♦♥s ❢♦r ❣❡♥❡r❛❧ ❝❛s❡s✌ ❍❡♥❝❡✍ ♥☛♠❡r✐❝❛❧ ♠❡t❤♦☞s ♣❧❛② ❛ ❝r☛❝✐❛❧ r♦❧❡ ✐♥
♣r♦✈✐☞✐♥❣ ♥☛♠❡r✐❝❛❧ ❛♣♣r♦✎✐♠❛t✐♦♥s✌ ❆ ♣r♦♠✐♥❡♥t ❢❛♠✐❧② ♦❢ ♥☛♠❡r✐❝❛❧ ♠❡t❤♦☞s ❛♣♣❧✐❝❛❜❧❡ t♦ r❡s♦❧✈✐♥❣ t❤❡s❡ ❡q☛❛t✐♦♥s ✐s t❤❡ ✏✐♥✐t❡
❱♦❧☛♠❡ ✑❡t❤♦☞s ✒✏❱✑✓✌ ❘❡♥♦✔♥❡☞ ❢♦r t❤❡✐r ❛♣♣❛r❡♥t ♠❛t❤❡♠❛t✐❝❛❧ s✐♠♣❧✐❝✐t② ❛♥☞ ❛♥ ✐♥t☛✐t✐✈❡ ❣r❛s♣ ♦❢ t❤❡ ❢☛♥☞❛♠❡♥t❛❧ ♣❤②s✐❝s
❡♠❜❡☞☞❡☞ ✐♥ t❤❡ ❡q☛❛t✐♦♥s✍ ✏❱✑ st❛♥☞s ❛s ❛♥ ✐♥☞✐s♣❡♥s❛❜❧❡ t♦♦❧✌

✕❤✐❧❡ ❛ st❛❣❣❡r❡☞ ❝♦♥✖❣☛r❛t✐♦♥ ✐s ♦❢t❡♥ ☞❡❡♠❡☞ t❤❡ ♥❛t☛r❛❧ ❝❤♦✐❝❡ ❢♦r ❛♣♣❧②✐♥❣ ✏❱✑ t♦ ☞✐s❝r❡t✐③❡ ❡q☛❛t✐♦♥s ❬✗❹✘❪✍ ♣r❛❝t✐❝❛❧
❝♦♥s✐☞❡r❛t✐♦♥s ❢r❡q☛❡♥t❧② ❧❡❛☞ t♦ ❛ ❝♦❧❧♦❝❛t❡☞ ❣r✐☞ ❛rr❛♥❣❡♠❡♥t✍ ✔❤✐❝❤ ✐s t❤❡ ❝❤♦✐❝❡ ♦❢ t❤✐s ✔♦r✡✌ ❉❡s♣✐t❡ ✐ts ☞❡♣❛rt☛r❡ ❢r♦♠ t❤❡
s❡❡♠✐♥❣❧② ♠♦r❡ ♥❛t☛r❛❧ st❛❣❣❡r❡☞ ❛♣♣r♦❛❝❤✍ t❤✐s ❝❤♦✐❝❡ ✐s ❢❛✈♦r❡☞ ❢♦r ✐ts s✐♠♣❧✐❝✐t② ✐♥ ❤❛♥☞❧✐♥❣ ❝♦♠♣❧❡✎ ❣❡♦♠❡tr✐❡s ❛♥☞ ✐ts ❝♦♠♣☛t❛✲

t✐♦♥❛❧ ❡✙❝✐❡♥❝② ❬✹✍✚❪✌ ❚❤✐s ♣r❛❣♠❛t✐❝ ❛♣♣r♦❛❝❤ ✐s ♥♦t❛❜❧② ❡♠❜r❛❝❡☞ ❜② ❧❡❛☞✐♥❣ s♦❢t✔❛r❡ s☛❝❤ ❛s ❆◆❙❨❙✲✏▲❯✛◆❚ ❬✻❪ ❛♥☞ ✜♣❡♥✏✜❆✑

❬✼❪✍ ❛♠♦♥❣ ♠❛♥② ♦t❤❡rs✌
◆☛♠❡r♦☛s ❝❤❛❧❧❡♥❣❡s ❛♥☞ ✐♥st❛❜✐❧✐t✐❡s ❝❛♥ ❛r✐s❡ ✐♥ t❤❡ ♥☛♠❡r✐❝❛❧ s♦❧☛t✐♦♥ ♦❢ t❤❡s❡ ❡q☛❛t✐♦♥s✌ ✑❛✐♥t❛✐♥✐♥❣ ❡♥❡r❣② ❝♦♥s❡r✈❛t✐♦♥

✐s ❢☛♥☞❛♠❡♥t❛❧ t♦ ❛❝❤✐❡✈✐♥❣ ❛❝❝☛r❛t❡ ♥☛♠❡r✐❝❛❧ s♦❧☛t✐♦♥s✍ ❛s ✐♥tr♦☞☛❝✐♥❣ ☛♥♣❤②s✐❝❛❧ ❡♥❡r❣② ❝❛♥ ❧❡❛☞ t♦ ✐♥st❛❜✐❧✐t② ✐♥ s✐♠☛❧❛t✐♦♥s✌
❈♦♥s❡r✈❛t✐♦♥ ♦❢ ♠❛ss✍ ♠♦♠❡♥t☛♠✍ ❛♥☞ ✡✐♥❡t✐❝ ❡♥❡r❣② ♥❡❝❡ss❛r② ❛♥☞ s☛✙❝✐❡♥t ❝♦♥☞✐t✐♦♥s ❢♦r ❝♦♠♣r❡ss✐❜❧❡ ➈♦✔s ♦♥ ☛♥str☛❝t☛r❡☞

✯ ×ØÏÏ❮ÒÑØÕÜÔÕÖ Û✢❰✣ØÏ✤
❊✥➦➑➐➒ ➑➟➟→➌➣➣➌➣➱ ÜÛÕÔ❮Ù✤ÒÛÕ❰ØÒ✤Ò❮ÏÏÛÕØ❅✢ÑÚ✤❮Ü✢ ✦❉✤ ✃ÛÕ❰ØÒ✧★ ❥ÛÕÕ❮Ò✤✣ØÑ❒ÛÕ❅✢ÑÚ✤❮Ü✢ ✦❏✤✩✤ ✪ØÑ❒ÛÕ✧★ ÚÜÛÓÔÜ✤Ñ❮Ï❮✫✤Ò❮ÖÛÏÏÛ❅✢ÑÚ✤❮Ü✢ ✦×✤❉✤ ÝéÏ❮✫Ð✃❮ÖÛÏÏÛ✧★

✬ÏÛÕÚ❮ÒÚ✤✰ÛÓÔ❮Ï✤❰ÏÔÛÒ❅✢ÑÚ✤❮Ü✢ ✦ã✤❳✤ ✴ÏÔÛÒ✧✤

çïïüé✿✷✷õëè✳ëìø✷✽❀✳✽❀✽❁✷þ✳þóü✳❃❀❃❄✳✽✽❇❁❇✽

●îóîè÷îõ ✽ ▼ðìóç ❃❀❃❄❑ ●îóîè÷îõ èô ìî÷èéîõ öëìú ◗ ❩ë÷îúñîì ❃❀❃❄❑ ❭óóîüïîõ ❃❄ ❩ë÷îúñîì ❃❀❃❄

 

4D.Santos, J.A.Hopman, C.D.Pérez-Segarra, F.X.Trias. On a symmetry-preserving
unconditionally stable projection method on collocated unstructured grids for
incompressible flows, Journal of Computational Physics, 523:113631, 2025.
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Motivation Preserving symmetries Energy exchange in multiphysics A framework for multiphysics Results Take-away messages

Pressure-velocity coupling on collocated grids
... and make it unconditionally stable4 even on extremely bad meshes!

�✁✂✄☎✆✝ ✁✞ ✟✁✠✡✂☛✆☛☞✁☎✆✝ ✌✍✎✏☞✑✏ ✒✓✔ ✕✓✖✓✒✗ ✘✘✔✙✔✘

✚✛✆☞✝✆✜✝✢ ✁☎✝☞☎✢ ✓✣ ✤✁✛✢✠✜✢✄ ✓✖✓✥
✖✖✓✘✦✣✣✣✘✧★ ✓✖✓✥ ✩✍✢ ✚✂☛✍✁✄✕✏✗✪ ✌✂✜✝☞✏✍✢✫ ✜✎ ✬✝✏✢✛☞✢✄ ✭☎✑✪ ✩✍☞✏ ☞✏ ✆☎ ✁✡✢☎ ✆✑✑✢✏✏ ✆✄☛☞✑✝✢ ✂☎✫✢✄ ☛✍✢ ✟✟ ✮✯ ✝☞✑✢☎✏✢
✕✍☛☛✡✰✧✧✑✄✢✆☛☞✛✢✑✁✠✠✁☎✏✪✁✄✱✧✝☞✑✢☎✏✢✏✧✜✎✧✥✪✖✧✗✪

❈♦♥t❡♥ts ❧✐sts ❛✈❛✐❧❛❜❧❡ ❛t ❙❝✐❡♥❝❡❉✐r❡❝t

❏✲✉✳✴✵✶ ✲❢ ✷✲♠♣✉✸✵✸✹✲✴✵✶ P✺②✻✹✼✻

❥✽✾✿❀❁❂ ❤✽❃❄❅❁❣❄❆ ✇✇✇❇❄❂❊❄❋●❄✿❇❍✽❃■❂✽❍❁❑❄■❥❍❅

❖▲ ▼ ◆◗❘❘❚❯❱◗❲❳❱❚◆❚❱❨❩▲❬ ❭▲❪❫▲❞❩❯❩❫▲▼❴❴◗ ◆❯▼❵❴❚ ❳❱❫❦❚❪❯❩❫▲

❘❚❯q❫❞ ❫▲ ❪❫❴❴❫❪▼❯❚❞ ❭▲◆❯❱❭❪❯❭❱❚❞ ❬❱❩❞◆ ①❫❱ ❩▲❪❫❘❳❱❚◆◆❩❵❴❚ ➈❫③◆

④⑤ ⑥⑦⑧⑨⑩❶ ❷❸ ❹⑤❺⑤ ❻⑩❼❽⑦⑧❸ ❾⑤④⑤ ❿➀➁➂➃➄⑥➂➅⑦➁➁⑦❸ ➆⑤➇⑤ ➉➁➊⑦❶
➋➌➍➎➏➐➍➑➒ ➓➏➐➔➌→➣➐↔↕ ➙➛ ➜➑↔➑➒➙➏➐➑➝ ➞➌➑↔ ➑➏➟ ➠➑➣➣ ➋→➑➏➣➛➌→ ➋➌➍➎➏➙➒➙➡➐➍➑➒ ➜➌➏↔➌→ ➢➜➋➋➜➤➝ ➜➥ ➜➙➒➙➦ ➧➧ ➨➩➐➒➟➐➏➡ ➋➫➭➝ ➋➌→→➑➣➣➑➝ ➯➲➳➳➳➝ ➨➑→➍➌➒➙➏➑➝
➵➸➑➐➏

➺ ➻ ➼ ➽ ➾ ➚ ➪ ➽ ➶ ➹ ➘ ➺ ➴ ➷ ➼ ➻ ➺ ➾ ➼

➬➌↕➮➙→➟➣➱
✃❐❒❒❮❰Ï❐ÐÑÏ❮Ò❮ÏÓÔÕÖ
×ØÙÙØÚÛ❰❮Ü
ÝÞ✃ß
àÕÚØÕÜÔ❰ÔØÕÛÙÙ❐ Ò❰ÛáÙ❮
âÕ❮ÏÖ❐ÐÑÏ❮Ò❮ÏÓÔÕÖ
ãäå

æçèé êëìí îéïðñòèéçîé ïçî óëôõèïèëôé öëì çð÷èôø ð éùúúîïìùûüìîéîì÷èôø ýôóëôõèïèëôðòòù éïðñòî
üìëþîóïèëô úîïçëõ öëì èôóëúüìîééèñòî ÿëêé✱ éýóç ðé P■❙❖ ëì ❋ìðóïèëôðò ❙ïîü ▼îïçëõ ✭❋❙▼✮✱ ëô
óëòòëóðïîõ ýôéïìýóïýìîõ øìèõé ñðéîõ ëô ð óëúüðóï éïîôóèò Pëèééëô î❡ýðïèëô✳ ■ïé öëìúýòðïèëô èé
ñðéîõ ëô üìîéîì÷èôø ïçî ýôõîìòùèôø éùúúîïìèîé ëö ïçî õè✂îìîôïèðò ëüîìðïëìé✳ ■ô ðõõèïèëô✱ ð øîôîìðò
ïçîëìîú öëì ïçîéî ïùüîé ëö üìëþîóïèëô úîïçëõé êèòò ñî üìë÷îô✳ æë îéïðñòèéç ðô ýôóëôõèïèëôðòòù
éïðñòî úîïçëõ✱ ïçèé ïçîëìîú øè÷îé ïçî úðïçîúðïèóðò ìî❡ýèìîúîôïé öëì ïçî ëüîìðïëìé ðôõ ïçî
øîëúîïìèóðò óëôõèïèëôé ð úîéç úýéï éðïèéöù✱ î÷îô èô óðéîé êçîìî ïçî úîéç èé çèøçòù õèéïëìïîõ✳

æçèé êèòò ñî üìë÷îô ñëïç ïçîëìîïèóðòòù ðôõ ôýúîìèóðòòù✳ ❈ëôéîì÷ðïèëô ëö ✭øòëñðò✮ íèôîïèó îôîìøù èé
ðòéë ð íîù öîðïýìî èô éèúýòðïèëôé✳ ❲èïçèô ïçèé óëôïî①ï✱ ïêë óðôëôèóðò óðéîé ðìî ïîéïîõ✱ ð ïýìñýòîôï
óçðôôîò ÿëê ðï �✄☎ ❂ ✸✾✺ ïë éçëê ïçî ìëñýéïôîéé ëö ïçî úîïçëõ✱ ðôõ ðô ðèìû➇òòîõ õè✂îìîôïèðòòù
çîðïîõ óð÷èïù ðï �✆ ❂ ✶✵✁✝ ✭ñðéîõ ëô ïçî óð÷èïù çîèøçï✮✱ ïë éçëê ïçðï ïçî ✭ðìïè➇óèðò✮ íèôîïèó îôîìøù
îììëì èôïìëõýóîõ ñù ïçî üìîééýìî èé ôîøðïè÷î ðôõ ÷îìù éúðòò óëúüðìîõ êèïç ïçî üçùéèóðò õèééèüðïèëô✳

✞✟ ✠♥tr♦❞✉❝t✐♦♥

❚❤❡ ◆❛✈✐❡r✲❙t♦✡❡s ❡q☛❛t✐♦♥s s❡r✈❡ ❛s t❤❡ ❜❛s✐s ❢♦r ☞❡s❝r✐❜✐♥❣ ♠❛ss ❛♥☞ ♠♦♠❡♥t☛♠ ❝♦♥s❡r✈❛t✐♦♥ ✐♥ ➈☛✐☞ ☞②♥❛♠✐❝s✌ ❉❡s♣✐t❡ ❤❛✈✐♥❣

❜❡❡♥ ❢♦r♠☛❧❛t❡☞ ❧♦♥❣ ❛❣♦✍ t❤❡s❡ ❡q☛❛t✐♦♥s ❧❛❝✡ ❛♥❛❧②t✐❝❛❧ s♦❧☛t✐♦♥s ❢♦r ❣❡♥❡r❛❧ ❝❛s❡s✌ ❍❡♥❝❡✍ ♥☛♠❡r✐❝❛❧ ♠❡t❤♦☞s ♣❧❛② ❛ ❝r☛❝✐❛❧ r♦❧❡ ✐♥
♣r♦✈✐☞✐♥❣ ♥☛♠❡r✐❝❛❧ ❛♣♣r♦✎✐♠❛t✐♦♥s✌ ❆ ♣r♦♠✐♥❡♥t ❢❛♠✐❧② ♦❢ ♥☛♠❡r✐❝❛❧ ♠❡t❤♦☞s ❛♣♣❧✐❝❛❜❧❡ t♦ r❡s♦❧✈✐♥❣ t❤❡s❡ ❡q☛❛t✐♦♥s ✐s t❤❡ ✏✐♥✐t❡
❱♦❧☛♠❡ ✑❡t❤♦☞s ✒✏❱✑✓✌ ❘❡♥♦✔♥❡☞ ❢♦r t❤❡✐r ❛♣♣❛r❡♥t ♠❛t❤❡♠❛t✐❝❛❧ s✐♠♣❧✐❝✐t② ❛♥☞ ❛♥ ✐♥t☛✐t✐✈❡ ❣r❛s♣ ♦❢ t❤❡ ❢☛♥☞❛♠❡♥t❛❧ ♣❤②s✐❝s
❡♠❜❡☞☞❡☞ ✐♥ t❤❡ ❡q☛❛t✐♦♥s✍ ✏❱✑ st❛♥☞s ❛s ❛♥ ✐♥☞✐s♣❡♥s❛❜❧❡ t♦♦❧✌

✕❤✐❧❡ ❛ st❛❣❣❡r❡☞ ❝♦♥✖❣☛r❛t✐♦♥ ✐s ♦❢t❡♥ ☞❡❡♠❡☞ t❤❡ ♥❛t☛r❛❧ ❝❤♦✐❝❡ ❢♦r ❛♣♣❧②✐♥❣ ✏❱✑ t♦ ☞✐s❝r❡t✐③❡ ❡q☛❛t✐♦♥s ❬✗❹✘❪✍ ♣r❛❝t✐❝❛❧
❝♦♥s✐☞❡r❛t✐♦♥s ❢r❡q☛❡♥t❧② ❧❡❛☞ t♦ ❛ ❝♦❧❧♦❝❛t❡☞ ❣r✐☞ ❛rr❛♥❣❡♠❡♥t✍ ✔❤✐❝❤ ✐s t❤❡ ❝❤♦✐❝❡ ♦❢ t❤✐s ✔♦r✡✌ ❉❡s♣✐t❡ ✐ts ☞❡♣❛rt☛r❡ ❢r♦♠ t❤❡
s❡❡♠✐♥❣❧② ♠♦r❡ ♥❛t☛r❛❧ st❛❣❣❡r❡☞ ❛♣♣r♦❛❝❤✍ t❤✐s ❝❤♦✐❝❡ ✐s ❢❛✈♦r❡☞ ❢♦r ✐ts s✐♠♣❧✐❝✐t② ✐♥ ❤❛♥☞❧✐♥❣ ❝♦♠♣❧❡✎ ❣❡♦♠❡tr✐❡s ❛♥☞ ✐ts ❝♦♠♣☛t❛✲

t✐♦♥❛❧ ❡✙❝✐❡♥❝② ❬✹✍✚❪✌ ❚❤✐s ♣r❛❣♠❛t✐❝ ❛♣♣r♦❛❝❤ ✐s ♥♦t❛❜❧② ❡♠❜r❛❝❡☞ ❜② ❧❡❛☞✐♥❣ s♦❢t✔❛r❡ s☛❝❤ ❛s ❆◆❙❨❙✲✏▲❯✛◆❚ ❬✻❪ ❛♥☞ ✜♣❡♥✏✜❆✑

❬✼❪✍ ❛♠♦♥❣ ♠❛♥② ♦t❤❡rs✌
◆☛♠❡r♦☛s ❝❤❛❧❧❡♥❣❡s ❛♥☞ ✐♥st❛❜✐❧✐t✐❡s ❝❛♥ ❛r✐s❡ ✐♥ t❤❡ ♥☛♠❡r✐❝❛❧ s♦❧☛t✐♦♥ ♦❢ t❤❡s❡ ❡q☛❛t✐♦♥s✌ ✑❛✐♥t❛✐♥✐♥❣ ❡♥❡r❣② ❝♦♥s❡r✈❛t✐♦♥

✐s ❢☛♥☞❛♠❡♥t❛❧ t♦ ❛❝❤✐❡✈✐♥❣ ❛❝❝☛r❛t❡ ♥☛♠❡r✐❝❛❧ s♦❧☛t✐♦♥s✍ ❛s ✐♥tr♦☞☛❝✐♥❣ ☛♥♣❤②s✐❝❛❧ ❡♥❡r❣② ❝❛♥ ❧❡❛☞ t♦ ✐♥st❛❜✐❧✐t② ✐♥ s✐♠☛❧❛t✐♦♥s✌
❈♦♥s❡r✈❛t✐♦♥ ♦❢ ♠❛ss✍ ♠♦♠❡♥t☛♠✍ ❛♥☞ ✡✐♥❡t✐❝ ❡♥❡r❣② ♥❡❝❡ss❛r② ❛♥☞ s☛✙❝✐❡♥t ❝♦♥☞✐t✐♦♥s ❢♦r ❝♦♠♣r❡ss✐❜❧❡ ➈♦✔s ♦♥ ☛♥str☛❝t☛r❡☞

✯ ×ØÏÏ❮ÒÑØÕÜÔÕÖ Û✢❰✣ØÏ✤
❊✥➦➑➐➒ ➑➟➟→➌➣➣➌➣➱ ÜÛÕÔ❮Ù✤ÒÛÕ❰ØÒ✤Ò❮ÏÏÛÕØ❅✢ÑÚ✤❮Ü✢ ✦❉✤ ✃ÛÕ❰ØÒ✧★ ❥ÛÕÕ❮Ò✤✣ØÑ❒ÛÕ❅✢ÑÚ✤❮Ü✢ ✦❏✤✩✤ ✪ØÑ❒ÛÕ✧★ ÚÜÛÓÔÜ✤Ñ❮Ï❮✫✤Ò❮ÖÛÏÏÛ❅✢ÑÚ✤❮Ü✢ ✦×✤❉✤ ÝéÏ❮✫Ð✃❮ÖÛÏÏÛ✧★

✬ÏÛÕÚ❮ÒÚ✤✰ÛÓÔ❮Ï✤❰ÏÔÛÒ❅✢ÑÚ✤❮Ü✢ ✦ã✤❳✤ ✴ÏÔÛÒ✧✤

çïïüé✿✷✷õëè✳ëìø✷✽❀✳✽❀✽❁✷þ✳þóü✳❃❀❃❄✳✽✽❇❁❇✽

●îóîè÷îõ ✽ ▼ðìóç ❃❀❃❄❑ ●îóîè÷îõ èô ìî÷èéîõ öëìú ◗ ❩ë÷îúñîì ❃❀❃❄❑ ❭óóîüïîõ ❃❄ ❩ë÷îúñîì ❃❀❃❄

4D.Santos, J.A.Hopman, C.D.Pérez-Segarra, F.X.Trias. On a symmetry-preserving
unconditionally stable projection method on collocated unstructured grids for
incompressible flows, Journal of Computational Physics, 523:113631, 2025.
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Pressure-velocity coupling on collocated grids
... and minimize the checkerboard5 problem with a minimal artificial dissipation!
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q①③① ④⑤⑥⑦⑧⑨ ⑩❶❷❸ ❹① ❺⑧⑨❻⑤❼ ⑩❸ ➚① ③❽❼⑧❽❻❾❿➀⑧❽➁➂❽❽⑤➃ ⑩❶➄❸ q① ➅❾➆⑤❽⑧ ⑩❸ ➇①➈① ➉➊❾⑧❼ ⑩
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➸ ➔➍→➩➙ ➺➛➻➝➑➓ ➥➼➟ ↔➨➒➎➜í ➞➙➛➍➏ ➯➟ ➥➎➽➎➑➍➛➛➟ ➭➯➲➭➾➟ ➳➎→↔➍➛➙➐➎➟ ➥➵➎➝➐ ➪

➶ ➹ ➘ ➴ ➷ ➬ ➮ ➴ ➱ ✃ ❐ ➶ ❒ ❮ ➘ ➹ ➶ ➷ ➘

❰➍➢Ï➙→➑➓Ð
ÑÒÓÔÕÓÖ×ØÙÖÚÛÜÝ
ÑØÞÞØÔÙßÓÚ ÝÖÛÚà
ÑØÜàÓÖáÙßÛáÓ ÚÛàÔÖÓßÛàÙßÛØÜ

âãäå æçèé êèçëäìîå ï ðçñêèîãîòåäëî îóêôçèïõäçò çö ëïèäç÷å ñîõãçìå äò åçôëäòø äòðçñêèîååäùôî
úçæå ÷åäòø ï êèçûîðõäçò ñîõãçìü ïòì õãîäè èîôïõäçò õç õãî çðð÷èèîòðî ïòì ñïòïøîñîòõ çö
ðãîðéîèùçïèì çåðäôôïõäçòåý þõ îñêôçÿå ïò ïôøîùèïäð åÿññîõèÿ✲êèîåîèëäòø öèïñîæçèéü ðôïèäöÿäòø
õãî ìîèäëïõäçò ïòì äñêôîñîòõïõäçò çö ìäåðèîõî çêîèïõçèå æãäôî ïôåç ïììèîååäòø õãî ïååçðäïõîì
ò÷ñîèäðïô îèèçèåý âãî ôïðé çö ï êèçêîè ìî❡òäõäçò öçè õãî ðãîðéîèùçïèì êèçùôîñ äå ïììèîååîì
ùÿ êèçêçåäòø ï êãÿåäðå✲ùïåîì ðçî✂ðäîòõý âãäå ðçî✂ðäîòõü èççõîì äò õãî ìäåêïèäõÿ ùîõæîîò õãî
ðçñêïðõ✲ ïòì æäìî✲åõîòðäô ▲ïêôïðäïò çêîèïõçèåü äå ïùôî õç q÷ïòõäöÿ çåðäôôïõçèÿ åçô÷õäçò ❡îôìå æäõã
ï êãÿåäðå✲ùïåîìü øôçùïôü òçèñïôäåîìü òçò✲ìäñîòåäçòïô ëïô÷îý âãî äòú÷îòðî çö ñîåã ïòì õäñî✲åõîê
èî❡òîñîòõ çò õãî çðð÷èèîòðî çö ðãîðéîèùçïèìäòø äå ãäøãôäøãõîìý âãîèîöçèîü åäòøôî ñîïå÷èîñîòõå
÷åäòø õãäå ðçî✂ðäîòõ åãç÷ôì ùî ðçòåäìîèîì æäõã ðï÷õäçòü ïå õãî ëïô÷î êèîåîòõå ôäõõôî ÷åî æäõãç÷õ
ïòÿ ðçòõîóõ ïòì ðïò îäõãîè å÷øøîåõ ñîåã èî❡òîñîòõ çè ÷åî çö ï ìä✄îèîòõ åçôëîèý þò ïììäõäçòü ïò
îóïñêôî äå øäëîò çò ãçæ õç îñêôçÿ õãäå ðçî✂ðäîòõü ùÿ îåõïùôäåãäòø ï òîøïõäëî öîîìùïðé ùîõæîîò
õãî ôîëîô çö ðãîðéîèùçïèìäòø ïòì õãî äòðô÷åäçò çö ï êèîåå÷èî êèîìäðõçèü õç ìÿòïñäðïôôÿ ùïôïòðî õãî
ðãîðéîèùçïèìäòø ïòì ò÷ñîèäðïô ìäååäêïõäçòý âãäå ñîõãçì äå õîåõîì öçè ôïñäòïè ïòì õ÷èù÷ôîòõ úçæåü
ìîñçòåõèïõäòø äõå ðïêïùäôäõäîå äò çùõïäòäòø õãäå ìÿòïñäðïô ùïôïòðîü æäõãç÷õ èîq÷äèäòø ÷åîè äòê÷õý
âãî ñîõãçì äå ïùôî õç ïðãäîëî ôçæ ò÷ñîèäðïô ìäååäêïõäçò äò ïùåîòðî çö çåðäôôïõäçòå çè ìäñäòäåã
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A new general framework for multiphysics
Buoyancy-driven flows on staggered grids
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A new general framework for multiphysics
Summary

 

∂u
∂ t

+(u⋅∇)u=ν∇2
u−∇ p+ f ϕ

Associated force

∂ϕ

∂ t
+ℒu ϕ=0

E
ϕ [ϕ ]

ℒu ϕ=(u⋅∇)ϕ

ℒu ϕ=∇⋅(uϕ)
Lie derivative

Scalar (0-forms)

Density-like (3-forms)

Associated energy

Lie derivativeℒu

f
ϕ

Leitmotiv: transport equation and its associated force 
cannot be discretized independently!!!

19 / 23



Motivation Preserving symmetries Energy exchange in multiphysics A framework for multiphysics Results Take-away messages

Buoyancy-driven flows
Turbulent Rayleigh–Bénard convection at Ra “ 108
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Buoyancy-driven flows6

 

400×208×208≈17.3M 50×26×26≈0.034 M
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6B.Sanderse, F.X.Trias. Energy-consistent discretization of viscous dissipation with
application to natural convection flow, Computers & Fluids, 286:106473, 2025. 21 / 23
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Multiphase flows6

Non-symmetry-preserving! Symmetry-preserving!

6N.Valle, F.X.Trias, and J.Castro. An energy-preserving level set method for
multiphase flows. Journal of Computational Physics, 400(1):108991, 2020
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Take-away messages
Preserving symmetries is the key point for reliable
LES/DNS simulations also for industrial problems.

We usually focus on quadratic invariants (kinetic
energy) but energy exchanges are also crucial.
Challeging methods on very coarse and poor
quality meshes.
Transport equations and their associated forces
cannot be discretized independently.

tEϕrϕs, Luu ùñ fϕ

Open-source platforms helps to share and
disseminate ideas.
https://github.com/janneshopman/RKSymFoam
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