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1 Numerical method

2 Test case: Di�erentially Heated Cavity

3 Test case: Rayleigh�Bénard Convection
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Symmetry-Preserving Discretization

Governing Equation

∂tu+∇ · (uu)−∇(ν∇u) = −∇p+ gβ(T − T0) + fcϵij3u,

∂tT +∇ · (uT )−∇(κ∇T ) = 0,

∇ · u = 0
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Symmetry-Preserving Discretization[1]

Skew-Symmetry of Convective Operator

(u · ∇)∗ = −(u · ∇)

Symmetry of Di�usive Operator

∇∗ = −∇· ⇒ (∇ · ∇)∗ = (∇ · ∇)

Discrete Operators

ϕi− 1
2
=

1

2
(ϕi−1 + ϕi),

[Cc(us)]k,k =
1

2

∑
f∈Ff (k)

[us]fAf = 0

[1] Verstappen, R. W. C. P., & Veldman, A. E. P. (2003). Symmetry-preserving discretization of turbulent �ow. Journal of
computational physics, 187(1), 343-368.
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PISO-based Approach for Temporal Discretization[1]

• Inviscid Taylor-Green vortex

• Lpc: Chorin

Lp′c: van Kan

RC: Rhie-Chow

OF : OpenFOAM

rest: Ed Komen et al

[1]E.M.J. Komen, J.A. Hopman, E.M.A. Frederix, F.X. Trias, R.W.C.P. Verstappen, Computers & Fluids, Volume 225, 2021, 104979.
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Large Eddy Simulation

Spatial �lter

• ū = 1
|Ω∆|

∫
Ω∆

u(x, t)dx
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Large Eddy Simulation

Spatial �lter

• ū = 1
|Ω∆|

∫
Ω∆

u(x, t)dx

Governing Equation

∂tū+∇ · (ūūT )−∇(ν∇ū) = −∇ · (uuT − ūūT )︸ ︷︷ ︸
subgrid stress tensor

−∇p̄+ gβ(T̄ − T̄0) + fcϵij3ū,

∂tT̄ +∇ · (ūT̄ )−∇(κ∇T̄ ) = −∇ · (uT − ūT̄ )︸ ︷︷ ︸
subgrid heat �ux

,

∇ · ū = 0
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Governing Equation

∂tū+∇ · (ūūT )−∇(ν∇ū) = −∇ · (uuT − ūūT )︸ ︷︷ ︸
subgrid stress tensor

−∇p̄+ gβ(T̄ − T̄0) + fcϵij3ū,

∂tT̄ +∇ · (ūT̄ )−∇(κ∇T̄ ) = −∇ · (uT − ūT̄ )︸ ︷︷ ︸
subgrid heat �ux

,

∇ · ū = 0

Closure Model

• −2νeS(ū) ≈ uuT − ūūT
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Minimum-Dissipation Model

Poincaré Inequality =⇒ unsolved scale v′ satisfy∫
Ω∆

1
2 ∥ v′ ∥2 dx ≤ C∆

∫
Ω∆

1
2 ∥ ∇v ∥2 dx
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Dissipation Condition
d
dt

∫
Ω∆

1
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∥ ∇v ∥2 dx = −ν
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Minimum-Dissipation Model

Poincaré Inequality =⇒ unsolved scale v′ satisfy∫
Ω∆

1
2 ∥ v′ ∥2 dx ≤ C∆

∫
Ω∆

1
2 ∥ ∇v ∥2 dx

Dissipation Condition
d
dt

∫
Ω∆

1
2
∥ ∇v ∥2 dx = −ν

∫
Ω∆

∥ ∇2v ∥2 dx

Eddy Viscosity

νe = C∆
|r(v)+ 1

4gβ∇vg·∇(T̄−T̄0)|
q(v)
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Minimum-Di�usivity Model

Poincaré Inequality =⇒ unsolved scale T ′ satisfy∫
Ω∆

∥ T ′ ∥2 dx ≤ C∆

∫
Ω∆

∥ ∇T̄ ∥2 dx

Potential Temperature Gradient Intensity

d

dt

∫
Ω∆

1

2
∥ ∇T̄ ∥2 dx = −κ

∫
Ω∆

∥ ∇2T̄ ∥2 dx

Eddy Di�usivity

κe =
−(∇v∇T̄ )·∇T̄

∥∇T̄∥2

J. Sun et al. Southern University of Science and Technology sunj@sustech.edu.cn 14 / 29

mailto:sunj@sustech.edu.cn


Desirable Properties

• Non-constant Prt

• Include buoyancy e�ect

• Include strati�cation e�ect

• Switch between stable/unstable and neutral strati�cation

• Switch o� in Laminar and Transitional �ow

• Switch o� at a No-slip wall

• Open Source

https://github.com/teresajingsun/Minimum_Dissipation_Model.git
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1 Numerical method

2 Test case: Di�erentially Heated Cavity

3 Test case: Rayleigh�Bénard Convection
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Setup of Di�erentially Heated Cavity

𝑥1
𝑥3

𝑥2

𝑳𝟑

𝑳𝟐

𝑇 = 1
𝒖 = 0

𝜕𝑇

𝜕𝑥
= 0

𝒖 = 0

𝒖 = 0,

𝒖 = 0,

𝑇 = 0

𝜕𝑇

𝜕𝑥
= 0 • Ra =

gβ∆TL3
3

νκ

6.4× 108 ≤ Ra ≤ 1015

• Pr = 0.71

• Height Aspect Ratio L3/L2 = 4

• Periodic Boundary Condition in x1

• Prt = 1

• νe, C= 0.024
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Energy spectrum | Ra = 1010

10 1 100 101
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Kolmogorov scaling: E(κs) = C ε2/3 κ
−5/3
s
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Mesh Convergence | Ra = 1011
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Convergence: 7× 14× 30
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Scaling Law | 108 ≤ Ra ≤ 1015
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• Nu
scalar−QR

= 0.157Ra0.281

• Nu DNS = 0.182Ra0.275.

• Relative error ≤ 1.6%
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1 Numerical method

2 Test case: Di�erentially Heated Cavity

3 Test case: Rayleigh�Bénard Convection
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Rayleigh�Bénard Convection

H

L

W

g

x

z

y

Tc

Th

• Pr =
ν

κ

• Ra =
g β∆T H3

ν κ

• L/H = 1

• νe and κe, C = 0.024
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Model comparison

Pr Ra Model Nu Nuh Nuref Max. di�. NuϵT
/Nuref−1 ∆max/η tavg/tf

1 e7 νe + κe 17.75 17.75 17.16 3.5% -10.5% 2 2580
νe + constPrt 17.90 17.76 17.16 4.3% -11.8% 2 1091
No model � � � � � � �

1 e8 νe + κe 30.75† 30.73∼ 32.85 6.4% -26.3% 50 2591
νe + constPrt 36.26 36.27 32.85 10.4% -27.5% 50 793
No model 35.39 35.39∼ 32.85 7.7% -21.9% 50 408

1 e8.5 νe + κe 44.08† 44.09 45.98 4.1% -23.5% 50 2994

νe + constPrt 43.46† 43.47 45.98 5.5% -23.2% 50 1395
No model 49.45 49.85 45.98 8.4% -21.1% 50 1195

1 e8.75 νe + κe 52.60† 52.52 54.54 3.7% -20.0% 50 1768

νe + constPrt 52.61† 52.62 54.54 3.5% -18.8% 50 796

No model 50.67† 50.70 54.54 7.1% -19.8% 50 796

10 e7 νe + κe 16.61† 16.64∼ 16.93 1.9% -3.4% 2 285

νe + constPrt 17.10† 17.10 16.93 1.0% -2.4% 2 984

No model 17.09† 17.09∼ 16.93 0.9% -3.6% 2 580
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Model comparison

u, u′rms: νe + Prt < νe + κe <No model
T, T ′

rms: No model< νe + κe < νe + Prt

J. Sun et al. Southern University of Science and Technology sunj@sustech.edu.cn 24 / 29

mailto:sunj@sustech.edu.cn


Model comparison
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Conclusion & Future Work

• Minimum-dissipation LES model & symmetry-preserving discretization in turbulent

thermal convection

• The numerical scheme accurately predicts heat �ux on coarse meshes up to Ra15

• Di�erent LES models give di�erent predictions for the �ow and heat quantities.
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Prt
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Zigzag statistically stationary state

Nubot Nutop n half NueT NueTeff eTdev% Nuref dev% Nu(y) std% dTHdev% dUdev% tavg

52.68 52.58 20194 0.29 43.64 36.98 17 54.54 3.5 79.83 3.4 0.0 45.7 t/tf=1728.63
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Limitations

• Alignment between u′T ′ and ∇T̄

• Prt
?
=

εu
εT

• Backward cascade

• Forced and mixed convections
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