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Context: The physics

The incompressible Navier-Stokes.

∇ · ~u = 0

∂~u
∂t

+ C
(
~u, ~u

)
= −∇p + ν∇2~u

Duf = 0

Ω
duf

dt
+ C(uf)uf = −ΩGpc + Luf

Mathematical→ physical properties∫
Ω

abdΩ = (a,b) (ah,bh) = ah
T Ωbh(

C(~u, φ), ρ
)

= −
(
φ,C(~u, ρ)

)
C(uf) = −C(uf)

T(
∇ · ~u,p

)
=
(
~u,∇p

)
D = −ΩGT(

ν∇2~u, ~u
)
≤ 0 (Lφh, φh) ≤ 0
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Context: existing codes

Collocated arrangement is preferred by most popular codes.

Collocated
simple
D 6= −ΩGT

Staggered
D = −ΩGT

complex

Idea
Can we reuse collocated codes to construct staggered formulations?

Duf = 0c

Ω
duf

dt
+ C(uf)uf = −ΩGpc + Luf
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Operators

Collocated operators defined over and arbitrary unstructured mesh

Dual gradient G̃

Curl R

Dual Curl R̃

Divergence D
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Laplacian L

Rotational formulation: ∇2~u = ∇×∇× ~u −∇∇ · ~u

L = RR̃ − G̃D
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Convection C(uf)

Baseline: Harlow and Welch ∇ ·
(
~u ⊗ ~u

)

Research question: How to define in non-Cartesian meshes?.
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Previous attempts

Rotational formulation ∇ ·
(
~u ⊗ ~u

)
= ~u ×∇× ~u +

1
2
∇
(
~u · ~u

)

Recovers Harlow and Welch ×
Chain rule does not hold at the discrete level.
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Previous attempts

Interpolated formulation C0
s (u) = Γc→sCc(u)Γs→c

Recovers Harlow and Welch ×
Larger stencil.
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CF180 - Interpolated

Channel flow at Reτ = 180. Cartesian mesh.
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Our attempt

Construct the explicit staggered control volume.

~F i
c = ~u SP i

f→c uf

(∆x)−1 n̂f ·
∑
c∈f

± ~Fc
i

F i
e = ~ue SP i

f→e uf

(∆xSf )−1
∑
e∈f

± ~Fei ·
(

n̂f × t̂e
)

Le∆x

Project over the face normal
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CF180 - Harlow and Welch

Channel flow at Reτ = 180. Cartesian mesh.
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Dispersion relation
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Closure

Conclusions
Construction of L in unstructured meshes.
Construction of C(uf) is not trivial, but possible.
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