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Abstract. Sparse matrix-vector multiplications are essential in the numerical resolution
of partial differential equations. However, the sparse matrix-vector product is a strongly
memory-bound kernel that suffers from data starving. This work discusses the benefits and
applications of the sparse matrix-matrix product, which simultaneously multiplies a sparse
matrix by a set of vectors (i.e., a dense matrix). Architecture-specific implementation
details and performance analysis will be presented for different parallel architectures.

1 INTRODUCTION

Large sparse matrices often appear in diverse areas of computational physics and data
science, more precisely in the numerical resolution of partial differential equations. The
sparse pattern of these matrices (i.e., the number and distribution of non-zero coeffi-
cients) depends on the spatial discretization of the computational domain and the numer-
ical method employed. Hence, sparse matrix multiplications are widespread operations
amongst the scientific computing community and receive a great deal of attention.

Sparse matrix-vector product (SpMV) is the most computationally expensive routine
in many large-scale simulations relying on iterative methods. Namely, it is a strongly
memory-bound kernel with a very low arithmetic intensity (AI), which is the ratio of
computing work in floating-point operations (flop) to memory traffic in bytes (its value
is around 1:8 flop per byte), and requires irregular memory accessing to the input vec-
tor harming the memory access efficiency. Significant effort is devoted to studying and
optimizing SpMV for different applications and state-of-the-art computing environments.
The introduction of the graphics processing units (GPUs) into high-performance com-
puting (HPC) systems motivated the research of new sparse matrix storage formats and
SpMV implementations, as reviewed by Filippone et al. in [I]. The continuous evolution of
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central processing units (CPUs) also motivates the research for efficient SpMV kernels on
such architectures [2, [3]. However, the Al still limits all these efforts since the maximum
achievable performance is f x Al, where § is the processor’s memory bandwidth [4].

2 OVERVIEW OF SPMM

In some cases, a sparse matrix is to be multiplied by a set of vectors. Consider the
following expression:
y = (diag(c) @ A)x, (1)

where A € R™*" is a sparse matrix, ¢ € R, and y € RE™ and x € RE™ are sets of
vectors with K elements each.

Such formulation applies to several scenarios in numerical algorithms, allowing the use
of the sparse matrix-matrix product (SpMM) kernel (Algorithm [I). Examples are sym-
metric grids [5], parallel in time methods [6], multiple transport equations or multiple
parameter simulations [7], among others. Moreover, we will explore the nested combina-
tion of this approaches in a single framework to maximize the total number of components.

Algorithm 1 SpMM implementation using the standard CSR matrix format.
Require: 2, x, c

Ensure: y

1: for i < 1 to m do

2: sum <« zeros(K)

3: for j < A.ptr[i] to A.ptr[i+ 1] do

4: for k< 1to K do

5: sumlk] < sum[k] + A.val[j] - x[A. idx[j]][£]
6: for k< 1to K do

7: y[i|[k]  c[k] - suml[k]

According to Algorithm (1| and considering double-precision, standard CSR, sparse ma-
trix format, and ideal temporal locality, the AI of the SpMM reads:
B (2nnz(A) +1) - K 2)
~ 8nnz(A) +4nnz(A) +4(m + 1)+ (8m +8n +8) - K’

AISpMM<K)

where nnz(A), m and n are the number of non-zero elements, rows and columns in
the matrix, respectively, and K is the number of vectors. Consequently, the maxi-
mum speedup achievable by replacing K recursive SpMV calls with a single SpMM equals
Alspun(K)/Alspuu(1). This upper-bound is plotted in Figure [l The lower-bound is also
given considering zero temporal locality (i.e., accounting for the total number of memory
accesses to the input vector, 8nnz(A)K, instead of 8nK). It is noteworthy that, being
the upper-bound proportional to the average number of non-zeros per row, nnz(A)/m,
the use of high order schemes may strengthen the benefits of the SpMM.
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Figure 1: Different data layouts for sets of vectors.

3 PARALLEL PERFORMANCE STUDY ON VARIOUS ARCHITECTURES

At the conference, architecture-specific implementation details and performance anal-
ysis will be presented for different parallel architectures. Special focus will be given to
the results for different vector data layouts (Figure , which have an enormous impact
depending on the architecture. Namely, this affects not only the performance of the kernel
but also the data exchanges protocol.
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Figure 2: Block vectors ordering.
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