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Assensi Oliva1 F. Xavier Trias1

1Heat and Mass Transfer Technological Center (CTTC), at UPC
Carrer de Colom 11, 08222 Terrassa (Barcelona), Spain

adel.alsalti@upc.com
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Heat and Mass Transfer Technological Centre (CTTC)

Lines of research:
Simulation of (in)compressible flows, aeroacoustics, radiation, renewable
energies, HVAC...
Experimental development of various industrial prototypes such as an
absorption chiller or a thermal solar plate collector.
Development and implementation of numerical methods according to
current HPC systems

Figure: ESEIAAT campus in Terrassa Figure: JFF cluster at the CTTC
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HPC2 library

1995 2000 2005 2010 2015 2020

CTTC resources and software

DPC

sequential structured

STG

parallel structured

deep source of applied and 

fundamental research

scalability up to 100k cores

HPC2

heterogeneous algebraic

Technology Trends in HPC
GPU

HBM

M
IC

FPGA

NVLink

single-core CPU clusters          . . .          multi-core CPU clusters          . . .          hybrid clusters

Do not miss these!

Xavier Álvarez-Farré et al. “On the benefits and applications of sparse
matrix-matrix product on various parallel architectures” on May 26th at
12:00 (room Barbera).

F. Xavier Trias et al. “DNS/LES using a minimal set of algebraic kernels:
challenges and opportunities” on May 26th at 12:20 (room Barbera).
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CFD applications – 1

Figure: Simulation of flow around a square cylinder1 and Rayleigh-Bénard convection2.

1F.X. Trias et al. (2015). “Turbulent flow around a square cylinder at Reynolds number 22000:
a DNS study” in Computers and Fluids.

2F. Dabbagh et al. (2017). “A priori study of subgrid-scale features in turbulent
Rayleigh-Bénard convection” in Physics of Fluids.
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CFD applications – 2

Figure: Simulation of turbulent flow over the DrivAer fastback vehicle model3.

3D. E. Aljure et al. (2018). “Flow over a realistic car model: Wall modeled large eddy
simulations assessment and unsteady effects” in Journal of Wind Engineering and Industrial
Aerodynamics.
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CFD applications – 3

Figure: Simulation of brazed and expanded tube-fin heat exchangers4.

4L. Paniagua et al. (2014). “Large Eddy Simulations (LES) on the Flow and Heat Transfer in a
Wall-Bounded Pin Matrix” in Numerical Heat Transfer, Part B: Fundamentals.
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Mathematical framework
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Introducing Poisson equation

Fractional Step Method (FSM)

1 Evaluate the auxiliar vector field r(vn) := −(v · ∇)v + ν∆v

2 Evaluate the predictor velocity vp := vn + ∆t
(
3
2
r(vn)− 1

2
r(vn−1)

)
3 Obtain the pressure field by solving a Poisson equation:

∇ ·
(

1

ρ
∇pn+1

)
=

1

∆t
∇ · vp

4 Obtain the new divergence-free velocity vn+1 = vp −∇pn+1

Poisson equation for incompressible flows

Continuous:
∆p =

ρ

∆t
∇ · vp

Discrete:
Lph = Mvph
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Meshes with symmetries

(a) 1 symmetry (b) 2 symmetries

Figure: 2D meshes with varying number of symmetries.
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“Symmetry-aware” unknowns’ ordering

(a) 1 symmetry (b) 2 symmetries

Figure: Ordering of 2D meshes with varying number of symmetries.
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Discrete Laplace operator and mesh symmetries – 1

Let L be the discrete Laplace operator arising from a mesh with 1 symmetry
and a “symmetry-aware” unknowns’ ordering. Then:

L =

(
Linn Lout

Lout Linn

)
∈ RN×N

Moreover, considering:

S =
1√
2

(
IN/2 IN/2

IN/2 −IN/2

)
∈ RN×N , such that: S−1 = S

leads to:

L̂ = SLS−1 =

(
Linn + Lout 0

0 Linn − Lout

)
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Discrete Laplace operator and mesh symmetries – 2

More generally5, having p mesh symmetries and considering:

S =
1√
2p

[
p⊗

i=1

(
1 1
1 −1

)]
⊗ IN/2p ∈ RN×N , such that: S−1 = S

leads to 2p decoupled subsystems:

(a) L (b) L̂ = SLS−1

Figure: 3D structured mesh exploiting p = 1 symmetries.

5A. Alsalti-Baldellou et al. “Exploiting spatial symmetries for solving Poisson’s equation”,
submitted.
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Discrete Laplace operator and mesh symmetries – 2

More generally5, having p mesh symmetries and considering:

S =
1√
2p

[
p⊗

i=1

(
1 1
1 −1

)]
⊗ IN/2p ∈ RN×N , such that: S−1 = S

leads to 2p decoupled subsystems:

(a) L (b) L̂ = SLS−1

Figure: 3D structured mesh exploiting p = 2 symmetries.

5A. Alsalti-Baldellou et al. “Exploiting spatial symmetries for solving Poisson’s equation”,
submitted.
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Discrete Laplace operator and mesh symmetries – 2

More generally5, having p mesh symmetries and considering:

S =
1√
2p

[
p⊗

i=1

(
1 1
1 −1

)]
⊗ IN/2p ∈ RN×N , such that: S−1 = S

leads to 2p decoupled subsystems:

(a) L (b) L̂ = SLS−1

Figure: 3D structured mesh exploiting p = 3 symmetries.

5A. Alsalti-Baldellou et al. “Exploiting spatial symmetries for solving Poisson’s equation”,
submitted.
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Computational framework
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Resulting algorithm

Algorithm 1 Poisson solver exploiting p mesh symmetries

1 Transform forward the RHS: b̂ = Sb

2 Decoupled solution of the 2p subsystems: L̂x̂ = b̂

3 Transform backward the solution: x = S−1x̂

where:

S =
1√
2p

[
p⊗

i=1

(
1 1
1 −1

)]
⊗ IN/2p , S−1 = S,

and Step 2 corresponds to inverting: L̂1 0
. . .

0 L̂2p


 x̂1

...
x̂2p

 =

 b̂1

...

b̂2p


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Direct solvers and mesh symmetries

The subsystems’ smaller size has multiple immediate advantages. Namely:

A reduction in Poisson solvers’ time complexity

A reduction in Poisson solvers’ memory footprint
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Figure: Memory requirements and factorisation time of MUMPS sparse direct solver6.
Results obtained on two Intel Xeon 6230 CPUs.

6P. R. Amestoy et al. (2001). “A fully asynchronous multifrontal solver using distributed
dynamic scheduling”, in SIAM Journal on Matrix Analysis and Applications.
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Iterative solvers and mesh symmetries

The subsystems’ smaller size has multiple immediate advantages. Namely:

A reduction in Poisson solvers’ time complexity

A reduction in Poisson solvers’ memory footprint

An increase in Poisson solvers’ arithmetic intensity
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Iterative solvers and mesh symmetries

The subsystems’ smaller size has multiple immediate advantages. Namely:
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Iterative solvers and mesh symmetries

The subsystems’ smaller size has multiple immediate advantages. Namely:

A reduction in Poisson solvers’ time complexity
A reduction in Poisson solvers’ memory footprint
An increase in Poisson solvers’ arithmetic intensity

In general, L̂ can be split as:

L̂ = · · · =

 Linn 0
. . .

0 Linn

+ L̂out

In particular, compact stencils only coupling adjacent nodes result in:

L̂v = (I2p ⊗ Linn)v︸ ︷︷ ︸
Sparse matrix-matrix

product (SpMM)

+ diag
(̂
lout

)
v︸ ︷︷ ︸

Element-wise product
of vectors (axty)

18



Context of the work Mathematical framework Computational framework Concluding remarks

Sparse matrix-matrix product

Given v =
(
v̂t
1 . . . v̂

t
2p
)t ∈ RN , the products (I2p ⊗ Linn)v can be computed as

sparse matrix-dense matrix products:

Linn (v̂1 . . . v̂2p)

Hence:

L̂’s SpMVs can be replaced with a combination of SpMM and axty

Since SpMV and SpMM are memory-bound kernels, SpMM’s acceleration
equals AISpMM/AISpMV

SpMM reads Linn once, whereas SpMV reads Linn 2p times.

SpMM naturally applies to all operators of the form Â = I2p ⊗ A

SpMM reduces the matrices’ memory footprint 2p times

CPUs, be cautious!

Using SpMM to solve L̂’s subsystems concurrently may prevent much cache reuse
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Sequential solution of L̂’s subsystems – 1

 0

 0.2

 0.4

 0.6

 0.8

 1

 0  1  2  3

R
el

at
iv

e 
it

er
at

io
n
s'

 c
o

u
n

t

PCG-Jacobi PCG-ILU PCG-SAI

 1

 1.5

 2

 2.5

 3

 3.5

 4

 4.5

 5

 0  1  2  3

T
im

e 
p

er
 i

te
ra

ti
o

n
 (
µ

s)

 1

 1.5

 2

 2.5

 3

 3.5

 0  1  2  3

O
v
er

al
l 

sp
ee

d
u
p

Figure: Top: 8M mesh on 2 Intel Xeon 8160 CPUs.
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Sequential solution of L̂’s subsystems – 1
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Figure: Top: 8M mesh on 2 Intel Xeon 8160 CPUs. Bottom: 10.1M mesh on 3
NVIDIA RTX A5000 GPUs.
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Sequential solution of L̂’s subsystems – 1
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Figure: Top: 8M mesh on 2 Intel Xeon 8160 CPUs. Bottom: 10.1M mesh on 3
NVIDIA RTX A5000 GPUs.
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Sequential solution of L̂’s subsystems – 2
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Figure: Top: 64M mesh on 2 Intel Xeon 8160 CPUs. Bottom: 16.4M mesh on 3
NVIDIA RTX A5000 GPUs.
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Concurrent (and SpMM-based) solution of L̂’s subsystems – 1
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Figure: Normalized time per Jacobi-PCG iteration on 2 Intel Xeon 8160 CPUs.

24



Context of the work Mathematical framework Computational framework Concluding remarks

Concurrent (and SpMM-based) solution of L̂’s subsystems – 1

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

 1.6

0 1 2 3 0 1 2 3 0 1 2 3

T
im

e 
(n

s)

Symmetries

Hypre Jacobi DOT AXPY SpMV

8M 64M 125M

Figure: Normalized time per Jacobi-PCG iteration on 2 Intel Xeon 8160 CPUs.

24



Context of the work Mathematical framework Computational framework Concluding remarks

Concurrent (and SpMM-based) solution of L̂’s subsystems – 1

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

 1.6

0 1 2 3 0 1 2 3 0 1 2 3

T
im

e 
(n

s)

Symmetries

Hypre Jacobi DOT AXPY SpMV

8M 64M 125M

Figure: Normalized time per Jacobi-PCG iteration on 2 Intel Xeon 8160 CPUs.

24



Context of the work Mathematical framework Computational framework Concluding remarks

Concurrent (and SpMM-based) solution of L̂’s subsystems – 2
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Figure: Normalized time per Jacobi-PCG iteration on 3 NVIDIA RTX A5000 GPUs.
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Concurrent (and SpMM-based) solution of L̂’s subsystems – 2
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Concluding remarks
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Conclusions

Summary:

Meshing complex geometries results simpler.

The overhead of the two (communication-free) transforms is negligible.

Exploiting symmetries reduces the time complexity of the solvers.

Exploiting symmetries reduces the memory footprint of the matrices.

Any solver can easily benefit from exploiting symmetries.

SpMM increases considerably the AI of all the matrix multiplications.

Future work:

Improve SpMM’s implementation.

Adapt more complex preconditioners to the SpMM-based framework.

Extend SpMM’s use throughout a DNS.
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SpMM increases considerably the AI of all the matrix multiplications.

Future work:

Improve SpMM’s implementation.

Adapt more complex preconditioners to the SpMM-based framework.

Extend SpMM’s use throughout a DNS.
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Thanks for your attention!
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