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Motivation

Research question:

Can we find a (nonlinear) SGS heat flux model with good physical
and numerical properties, such that we can obtain satisfactory
predictions for a turbulent Rayleigh-Bénard convection?

DNS of an air-filled Rayleigh-Bénard convection at Ra “ 1010

1F.Dabbagh, F.X.Trias, A.Gorobets, A.Oliva. On the evolution of flow topology in
turbulent Rayleigh-Bénard convection, Physics of Fluids, 28:115105, 2016.
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Motivation

And of course... saving the planet!
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Eddy-viscosity models for LES

Btu ` pu ¨∇qu “ ∇2u ´∇p ´∇ ¨ τpuq ; ∇ ¨ u “ 0
eddy-viscosity ÝÑ τ puq “ ´2νtSpuq

νt “ pCmδq
2Dmpuq

Dmpuq ÝÑ Smagorinsky (1963), WALE (1999), Vreman (2004),
QR-model (2011), σ-model (2011), S3PQR2 (2015)...

Cm ÝÑ Germano’s dynamic model (1991), Lagrangian dynamic (1995),
Global dynamic approach (2006)

δ?

2F.X.Trias, D.Folch, A.Gorobets, A.Oliva. Building proper invariants for
eddy-viscosity subgrid-scale models, Physics of Fluids, 27: 065103, 2015.
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Building proper invariants for LES models

Btu ` pu ¨∇qu “ ∇2u ´∇p ´∇ ¨ τpuq ; ∇ ¨ u “ 0
eddy-viscosity ÝÑ τ puq “ ´2νtSpuq

νt “ pCmδq
2Dmpuq

... most of them rely on differential operators that are based on the
combination of invariants of a symmetric second-order tensor derived
from G ” ∇u.

Therefore, they can be characterized by 5 basic invariants

tQS ,RS ,QG ,RG ,V 2u

Notation:
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Building proper invariants for LES models

Btu ` pu ¨∇qu “ ∇2u ´∇p ´∇ ¨ τpuq ; ∇ ¨ u “ 0
eddy-viscosity ÝÑ τ puq “ ´2νtSpuq

... most of them rely on differential operators that are based on the
combination of invariants of a symmetric second-order tensor derived
from G ” ∇u.

Therefore, they can be characterized by 5 basic invariants

tQS ,RS ,QG ,RG ,V 2u

Notation: given a second-order tensor A

First invariant: PA “ trpAq
Second invariant: QA “ 1{2ttr2pAq ´ trpA2qu
Third invariant: RA “ detpAq
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Building proper invariants for LES models

Btu ` pu ¨∇qu “ ∇2u ´∇p ´∇ ¨ τpuq ; ∇ ¨ u “ 0
eddy-viscosity ÝÑ τ puq “ ´2νtSpuq

... most of them rely on differential operators that are based on the
combination of invariants of a symmetric second-order tensor derived
from G ” ∇u.

Therefore, they can be characterized by 5 basic invariants

tQS ,RS ,QG ,RG ,V 2u

Notation:
V 2 “ 4ptrpS2Ω2q ´ 2QSQΩq,

where S “ 1{2pG `GT q and Ω “ 1{2pG ´GT q.
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A unified framework for eddy-viscosity models

tQS ,RS ,QG ,RG ,V 2u

Smagorinsky model νSmag
t “ pCSδq

2|Spuq| “ 2pCSδq
2p´QSq

1{2,

Verstappen’s model νVe
t “ pCVeδq

2 |RS |

´QS
,

WALE model νW
t “ pCW δq2

pV 2{2` 2Q2
G{3q3{2

p´2QSq5{2 ` pV 2{2` 2Q2
G{3q5{4

,

Vreman’s model νVr
t “ pCVrδq

2
ˆ

V 2 `Q2
G

2pQΩ ´QSq

˙1{2
,

Sigma model νσt “ pCσδq2
σ3pσ1 ´ σ2qpσ2 ´ σ3q

σ2
1

,

where σi “
?
λi and λi is an eigenvalue of GGT .

Advanced models for large-eddy simulation of turbulent flows
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Near-wall behavior

tQS ,RS ,QG ,RG ,V 2u

Invariants
QG RG QS RS V 2 QΩ

Wall-behavior Opy2q Opy3q Opy0q Opy1q Opy0q Opy0q
Units rT´2s rT´3s rT´2s rT´3s rT´4s rT´2s

Models
Smagorinsky WALE Vreman’s Verstappen’s σ-model

Wall-behavior Opy0q Opy3q Opy1q Opy1q Opy3q

Hence, new models can be derived by imposing restrictions on the
differential operators they are based on.
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Building proper invariants for LES models4

For instance, let us consider models that are based on the invariants of the
tensor GGT

νt “ pCMδq
2Pp

GGT Qq
GGT R r

GGT ,

PGGT QGGT RGGT

Formula 2pQΩ ´QSq V 2 `Q2
G R2

G
Wall-behavior Opy0q Opy2q Opy6q

Units rT´2s rT´4s rT´6s

´6r ´ 4q ´ 2p “ ´1; 6r ` 2q “ s,

where s is the slope for the asymptotic near-wall behavior, i.e. Opy sq.

4F.X.Trias, D.Folch, A.Gorobets, A.Oliva. Building proper invariants for
eddy-viscosity subgrid-scale models, Physics of Fluids, 27: 065103, 2015.
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Building proper invariants for LES models

Solutions: qpp, sq “ p1´ sq{2´ p and rpp, sq “ p2s ´ 1q{6` p{3
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Building proper models for LES
Hence, a family of new eddy-viscosity model for LES

Btu ` pu ¨∇qu “ ∇2u ´∇p ´∇ ¨ τpuq ; ∇ ¨ u “ 0
eddy-viscosity ÝÑ τ puq “ ´2νtSpuq

has been derived by imposing proper conditions on the invariant(s)

νS3QP
t “ pδq2P´5{2

GGT Q3{2
GGT ,

νS3RP
t “ pδq2P´1

GGT R1{2
GGT ,

νS3RQ
t “ pδq2Q´1

GGT R5{6
GGT .
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Buiding proper models for LES
Decaying isotropic turbulence with Cs3pq “ 0.572, Cs3pr “ 0.709, Cs3qr “ 0.762

Comparison with classical Comte-Bellot & Corrsin (CBC) experiment.
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Turbulent channel flow
Results

Reτ “ 395 DNS Moser et al. LES 323
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Turbulent channel flow
Near-wall behavior
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models
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Direct simulations of the incompressible Navier-Stokes equations are limited to

relatively low-Reynolds numbers. Hence, dynamically less complex mathematical

formulations are necessary for coarse-grain simulations. Eddy-viscosity models for

large-eddy simulation is probably the most popular example thereof: they rely

on differential operators that should properly detect different flow configurations

(laminar and 2D flows, near-wall behavior, transitional regime, etc.). Most of them

are based on the combination of invariants of a symmetric tensor that depends on the

gradient of the resolved velocity field, G = ∇u. In this work, models are presented

within a framework consisting of a 5D phase space of invariants. In this way, new

models can be constructed by imposing appropriate restrictions in this space. For

instance, considering the three invariants PGGT , QGGT , and RGGT of the tensor GGT ,

and imposing the proper cubic near-wall behavior, i.e., νe = O(y3), we deduce that

the eddy-viscosity is given by νe = (Cs3pqr∆)
2P

p

GGT
Q
−(p+1)

GGT
R
(p+5/2)/3

GGT
. Moreover, only

RGGT-dependent models, i.e., p > −5/2, switch off for 2D flows. Finally, the model

constant may be related with the Vreman’s model constant via Cs3pqr =
√

3CVr ≈
0.458; this guarantees both numerical stability and that the models have less or

equal dissipation than Vreman’s model, i.e., 0 ≤ νe ≤ νVr
e . The performance of

the proposed models is successfully tested for decaying isotropic turbulence and a

turbulent channel flow. The former test-case has revealed that the model constant,

Cs3pqr , should be higher than 0.458 to obtain the right amount of subgrid-scale dissi-

pation, i.e., Cs3pq = 0.572 (p = −5/2), Cs3pr = 0.709 (p = −1), and Cs3qr = 0.762

(p = 0). C 2015 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4921817]

I. INTRODUCTION

We consider the numerical simulation of the incompressible Navier-Stokes (NS) equations. In

primitive variables, they read as

∂tu + (u · ∇)u = ν∇2
u − ∇p, ∇ · u = 0, (1)

where u denotes the velocity field, p represents the kinematic pressure, and ν is the kinematic

viscosity. Direct simulations at high Reynolds numbers are not feasible because the convective term

produces far too many scales of motion. Hence, in the foreseeable future, numerical simulations of

turbulent flows will have to resort to models of the small scales. The most popular example thereof

is the Large-Eddy Simulation (LES). Shortly, LES equations result from applying a spatial filter,

with filter length ∆, to NS equations (1)

a)xavi@cttc.upc.edu
b)davidf@cttc.upc.edu
c)andrey@cttc.upc.edu
d)oliva@cttc.upc.edu

1070-6631/2015/27(6)/065103/17/$30.00 27, 065103-1 ©2015 AIP Publishing LLC

 This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded

to  IP:  147.83.92.136 On: Tue, 02 Jun 2015 17:22:12

Advanced models for large-eddy simulation of turbulent flows



Motivation & background Building new eddy-viscosity models A new length scale On-going research Conclusions

Subgrid characteristic length for LES: state of the art

Btu ` pu ¨∇qu “ ∇2u ´∇p ´∇ ¨ τpuq ; ∇ ¨ u “ 0
eddy-viscosity ÝÑ τ puq “ ´2νtSpuq

νt “ pCmδq
2Dmpuq

Dmpuq ÝÑ Smagorinsky (1963), WALE (1999), Vreman (2004),
QR-model (2011), σ-model (2011), S3PQR (2015)...

Cm ÝÑ Germano’s dynamic model (1991), Lagrangian dynamic (1995),
Global dynamic approach (2006)

δ?

5F.X.Trias, A.Gorobets, M.Silvis, R.Verstappen, A.Oliva. A new subgrid characteristic
length for turbulence simulations on anisotropic grids, Phys.Fluids, 26:115109, 2017.

5F.X.Trias, A.Gorobets, M.Silvis, R.Verstappen, A.Oliva. A new subgrid characteristic
length for turbulence simulations on anisotropic grids, Phys.Fluids, 26:115109, 2017.

5F.X.Trias, A.Gorobets, M.Silvis, R.Verstappen, A.Oliva. A new subgrid characteristic
length for turbulence simulations on anisotropic grids, Phys.Fluids, 26:115109, 2017.

5F.X.Trias, A.Gorobets, M.Silvis, R.Verstappen, A.Oliva. A new subgrid characteristic
length for turbulence simulations on anisotropic grids, Phys.Fluids, 26:115109, 2017.

5F.X.Trias, A.Gorobets, M.Silvis, R.Verstappen, A.Oliva. A new subgrid characteristic
length for turbulence simulations on anisotropic grids, Phys.Fluids, 26:115109, 2017.

5F.X.Trias, A.Gorobets, M.Silvis, R.Verstappen, A.Oliva. A new subgrid characteristic
length for turbulence simulations on anisotropic grids, Phys.Fluids, 26:115109, 2017.
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5F.X.Trias, A.Gorobets, M.Silvis, R.Verstappen, A.Oliva. A new subgrid characteristic
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Subgrid characteristic length for LES: state of the art

In the context of LES, most popular (by far) is:

δvol “ p∆x∆y∆zq1{3 ðù Deardorff (1970)

δSco “ f pa1, a2qδvol, δL2 “

b

p∆x2 `∆y2 `∆z2q{3

In the context of DES:

δmax “ maxp∆x ,∆y ,∆zq ðù Sparlart et al. p1997q

Recent flow-dependant definitions

δω “
b

pω2
x ∆y∆z ` ω2

y ∆x∆z ` ω2
z ∆x∆yq{|ω|2ðù Chauvet et al. p2007q

δ̃ω “
1
?

3
max

n,m“1,...,8
|ln ´ lm| ðù Mockett et al. p2015q

δSLA “ δ̃ωFKHpVTMq ðù Shur et al. p2015q
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Building a new subgrid characteristic length for LES

Research question:

Can we find a simple and robust definition of δ that minimizes the
effect of mesh anisotropies on the performance of subgrid-scale
models?
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Building a new subgrid characteristic length for LES

Research question:

Can we find a simple and robust definition of δ that minimizes the
effect of mesh anisotropies on the performance of subgrid-scale
models?

Starting point:

G ” ∇u
looomooon

physical space
Gδ ” G∆
loooomoooon

computational space

where for a Cartesian grid ∆ ”

»

–

∆x
∆y

∆z

fi

fl
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Building a new subgrid characteristic length for LES

Idea: δ, appears in a natural way when we consider the leading term of
the Taylor series expansion of the subgrid stress tensor,

τpuq “ δ2

12GGT `Opδ4q
loooooooooooooomoooooooooooooon

physical space

τpuq “ 1
12GδGT

δ `Opδ4q
looooooooooooooomooooooooooooooon

computational space

A least-square minimization leads to6

δlsq “

d

GδGT
δ : GGT

GGT : GGT

6F.X.Trias, A.Gorobets, M.Silvis, R.Verstappen, A.Oliva. A new subgrid characteristic
length for turbulence simulations on anisotropic grids, Phys.Fluids, 26:115109, 2017.
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Building a new subgrid characteristic length for LES
Properties of new definition

δlsq “

d

GδGT
δ : GGT

GGT : GGT

Locally defined: only G and ∆ needed (Gδ ” G∆)
Well-bounded: ∆x ď δlsq ď ∆z (assuming ∆x ď ∆y ď ∆z)
Sensitive to flow orientation, e.g. for rotating flows (G “ Ω)

δlsq “

d

ω2
x p∆y2 `∆z2q ` ω2

y p∆x2 `∆z2q ` ω2
z p∆x2 `∆y2q

2|ω|2

Applicable to unstructured grid

Idea: Bφ

Bx «
φi`1 ´ φi

∆x ùñ you can compute G ; then, you can compute δlsq!

Easy and cheap
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Results for LES
Decaying isotropic turbulence

Comparison with classical Comte-Bellot & Corrsin (CBC) experiment
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Results for LES
Turbulent channel flow
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Results for LES
Turbulent flow around square cylinder at Re “ 22000

DNS7 324M grid points LES 19524ˆNz

7F.X.Trias, A.Gorobets, A.Oliva. Turbulent flow around a square cylinder at Reynolds
number 22000: a DNS study, Computers&Fluids, 123:87-98, 2015.
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Results for LES
Turbulent flow around square cylinder at Re “ 22000
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Results for LES
Turbulent flow around square cylinder at Re “ 22000
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Direct numerical simulations of the incompressible Navier-Stokes equations are not feasible yet

for most practical turbulent flows. Therefore, dynamically less complex mathematical formulations

are necessary for coarse-grained simulations. In this regard, eddy-viscosity models for Large-Eddy

Simulation (LES) are probably the most popular example thereof. This type of models requires the

calculation of a subgrid characteristic length which is usually associated with the local grid size.

For isotropic grids, this is equal to the mesh step. However, for anisotropic or unstructured grids,

such as the pancake-like meshes that are often used to resolve near-wall turbulence or shear layers,

a consensus on defining the subgrid characteristic length has not been reached yet despite the fact

that it can strongly affect the performance of LES models. In this context, a new definition of the

subgrid characteristic length is presented in this work. This flow-dependent length scale is based on

the turbulent, or subgrid stress, tensor and its representations on different grids. The simplicity and

mathematical properties suggest that it can be a robust definition that minimizes the effects of mesh

anisotropies on simulation results. The performance of the proposed subgrid characteristic length is

successfully tested for decaying isotropic turbulence and a turbulent channel flow using artificially

refined grids. Finally, a simple extension of the method for unstructured meshes is proposed and tested

for a turbulent flow around a square cylinder. Comparisons with existing subgrid characteristic length

scales show that the proposed definition is much more robust with respect to mesh anisotropies and

has a great potential to be used in complex geometries where highly skewed (unstructured) meshes

are present. Published by AIP Publishing. https://doi.org/10.1063/1.5012546

I. INTRODUCTION

The Navier-Stokes (NS) equations are an excellent math-

ematical model for turbulent flows. However, direct numerical

simulations are not feasible yet for most practical turbulent

flows because the nonlinear convective term produces far

too many scales of motion. Hence, in the foreseeable future,

numerical simulations of turbulent flows will have to resort to

models of the small scales. The most popular example thereof

is Large-Eddy Simulation (LES). Briefly, the LES equations

arise from applying a spatial filter, with filter length ∆, to the

NS equations, resulting in

∂tu + (u · ∇)u = ν∇2
u − ∇ p − ∇ · τ, ∇ · u = 0. (1)

Here, u is the filtered velocity and τ = u ⊗ u − u ⊗ u is the

subgrid stress (SGS) tensor that represents the effect of the

unresolved scales. It is assumed that the filter u→ u commutes

with differentiation. Since the SGS tensor, τ, depends not only

on the filtered velocity, u, but also on the full velocity field,

a)xavi@cttc.upc.edu
b)andrey@cttc.upc.edu
c)m.h.silvis@rug.nl
d)r.w.c.p.verstappen@rug.nl
e)oliva@cttc.upc.edu

u, we encounter a closure problem. We thus have to approx-

imate τ by a tensor depending only on the filtered velocity,

i.e., τ ≈ τ(u).

Because of its inherent simplicity and robustness, the

eddy-viscosity assumption is by far the most used closure

model,

τ(u) ≈ −2νeS(u), (2)

where νe denotes the eddy-viscosity and S(u) = 1/2(∇u

+ ∇u
T

) is the rate-of-strain tensor. Notice that τ(u) is con-

sidered traceless without loss of generality because the trace

can be included as part of the filtered pressure, p. Then, most

of the existing eddy-viscosity models can be expressed as

follows:

νe = (Cm∆)2Dm(u), (3)

where Cm is the model constant,∆ is the subgrid characteristic

length, and Dm(u) is the differential operator with units of

frequency associated with the model. Here, no summation over

m is implied.

In the last few decades research has primarily focused

on either the calculation of the model constant, Cm, or the

development of more appropriate model operators, Dm(u). An

example of the former is the approach proposed by Lilly1 to

determine the model constant of the Smagorinsky model.2

1070-6631/2017/29(11)/115109/15/$30.00 29, 115109-1 Published by AIP Publishing.
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Subgrid characteristic length for LES/DES: state of the art

In the context of LES, most popular (by far) is:

δvol “ p∆x∆y∆zq1{3 ðù Deardorff (1970)

δSco “ f pa1, a2qδvol, δL2 “

b

p∆x2 `∆y2 `∆z2q{3

In the context of DES:

δmax “ maxp∆x ,∆y ,∆zq ðù Sparlart et al. p1997q

Recent flow-dependant definitions

δω “
b

pω2
x ∆y∆z ` ω2

y ∆x∆z ` ω2
z ∆x∆yq{|ω|2ðù Chauvet et al. p2007q

δ̃ω “
1
?

3
max

n,m“1,...,8
|ln ´ lm| ðù Mockett et al. p2015q

δSLA “ δ̃ωFKHpVTMq ðù Shur et al. p2015q
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Subgrid length scales for DES
Is the new δlsq a good candidate?

New definition9,10 (PoF’17; HRLM7 2018):

δlsq “

d

GδGT
δ : GGT

GGT : GGT

Mockett et al. (HRLM5, 2015):

δ̃ω “
1
?

3
max

n,m“1,...,8
|ln ´ lm|

9F.X.Trias, A.Gorobets, M.Silvis, R.Verstappen, A.Oliva. A new subgrid characteristic
length for turbulence simulations on anisotropic grids, Phys.Fluids, 26:115109, 2017.

10A.Pont, F.X.Trias, A.Revell, A.Oliva. Assessment and comparison of a recent
kinematic sensitive subgrid length scale in Hybrid RANS-LES. HRLM7, Berlin, 2018.
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Test case: backward facing step
DNS (A.Pont, F.X.Trias, A.Gorobets, A.Oliva, submitted to JFM)

Lu = 6h Ld = 32h

h

H − h

H
x1

x2

x3

INFLOW

ER “ H{pH ´ hq “ 2
Reh „ 13700, Reτ “ 395
Geom: p6h` 32hq ˆ ph` hq ˆ 2h
Mesh DNS: 1510ˆ 302ˆ 360 « 164M
Mesh DES: 332ˆ 86ˆ 60 « 1.5M

Experimental study (Vogel and Eaton, 1985)
Lu = 4h Ld = 20h

h

H − h

H

x1

x2

x3

INFLOW

ER “ H{pH ´ hq “ 5{4
Reh “ 28000, Reτ “ 2500
Geom: p4h` 20hq ˆ ph` 4hq ˆ 2h
Mesh DES:300ˆ 79ˆ 60 « 1.28M
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BFS (Vogel and Eaton, 1985): u12 “ u2 ´ 〈u2〉
δlsq

δ̃ω
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Properties of new definition in the shear layer
Simple 2D flow analysis

∆ “

ˆ

β 0
0 β´1

˙

G “
ˆ

0 1
1´ 2ω 0

˙

0
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Pure shear
ω=0

Simple shear
ω=0.5

Pure rotation
ω=1

increasing β

δ

δvol
δlsq with β=1/5
δlsq with β=1/2

δlsq with β=10
δlsq with β=5
δlsq with β=2
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Properties of new definition in the shear layer
Simple 2D flow analysis

∆ “

ˆ

β 0
0 β´1

˙

G “
ˆ

0 1
1´ 2ω 0

˙

Canonical flow configurations:

ˆ

0 1
1 0

˙

looooooooooooomooooooooooooon

Pure Shear (ω “ 0)

ˆ

0 1
0 0

˙

looooooooooooomooooooooooooon

Simple Shear pω“0.5q

ˆ

0 1
´1 0

˙

looooooooooooooomooooooooooooooon

Pure Rotation pω“1q
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Properties of new definition in the shear layer
Simple 2D flow analysis

∆ “

ˆ

β 0
0 β´1

˙

G “
ˆ

0 1
1´ 2ω 0

˙

Examples of control volumes:

∆x
1

∆x
2

ˆ

2 0
0 0.5

˙

looooooooooooooooooooomooooooooooooooooooooon

β“2
∆x

1

∆x
2

ˆ

0.5 0
0 2

˙

loooooooooooomoooooooooooon

β“2´1“0.5
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Properties of new definition in the shear layer
Simple 2D flow analysis: δ̃ω vs δlsq

∆ “

ˆ

β 0
0 β´1

˙

G “
ˆ

0 1
1´ 2ω 0

˙

δ̃ω “
1
?

3
max

n,m“1,...,8
|ln ´ lm|

ùñ δ̃ω “
a

pβ2 ` β´2q{3

+
∆x

1

∆x
2 “ +

∆x
1

∆x
2

> Unsensitive to mesh rotation for simple shear flow (ω “ 0.5)
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Properties of new definition in the shear layer
Simple 2D flow analysis: δ̃ω vs δlsq

∆ “

ˆ

β 0
0 β´1

˙

G “
ˆ

0 1
1´ 2ω 0

˙

δlsq “

d

GδGT
δ : GGT

GGT : GGT

ùñ δlsq “

d

β2p1´ 2ωq4 ` β´2

p1´ 2ωq4 ` 1

+
∆x

1

∆x
2

‰ +

∆x
1

∆x
2

� For ω “ 0.5 (simple shear) ùñ δlsq “ β´1p“ ∆x2q
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Properties of new definition in the shear layer
Simple 2D flow analysis: δ̃ω vs δlsq
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Improving LES models for buoyancy-driven flows

Btu ` pu ¨∇qu “ ν∇2u ´∇p

` f

´∇ ¨ τpuq ; ∇ ¨ u “ 0
eddy-viscosity ÝÑ τ puq “ ´2νtSpuq

νt « pCmδq
2Dmpuq

BtT ` pu ¨∇qT “ α∇2T ´∇ ¨ q where q “ uT ´ uT

> But first we need to answer the following research question:
Are eddy-viscosity models for momentum able to provide
satisfactory results for turbulent Rayleigh-Bénard convection?

Idea: let’s do an LES for momentum and a DNS for temperature!
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DNS at very low Pr number

Why? scale separation scales with Pr0.5

(« 0.07 is our case)

DNS of a RB at Ra “ 7.14ˆ 106 and Pr “ 0.005 (liquid sodium)
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LES11 results at very low Pr number
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LES11 results at very low Pr number
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LES11 results at very low Pr number
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Concluding remarks

A new definition for δ has been proposed

δlsq “

d

GδGT
δ : GGT

GGT : GGT

LES tests: HIT, channel flow, square cylinder (unstructured) X

DES tests: backward facing step, turbulent jet (not shown here) X

Eddy-viscosity models work for (momentum) in Rayleigh-Bénard X

Takeaway message:
Definition of δ can have a big effect on simulation results
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Thank you for your attention
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