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Direct numerical simulations of the incompressible Navier-Stokes equations are not feasible yet

for most practical turbulent flows. Therefore, dynamically less complex mathematical formulations

are necessary for coarse-grained simulations. In this regard, eddy-viscosity models for Large-Eddy

Simulation (LES) are probably the most popular example thereof. This type of models requires the

calculation of a subgrid characteristic length which is usually associated with the local grid size.

For isotropic grids, this is equal to the mesh step. However, for anisotropic or unstructured grids,

such as the pancake-like meshes that are often used to resolve near-wall turbulence or shear layers,

a consensus on defining the subgrid characteristic length has not been reached yet despite the fact

that it can strongly affect the performance of LES models. In this context, a new definition of the

subgrid characteristic length is presented in this work. This flow-dependent length scale is based on

the turbulent, or subgrid stress, tensor and its representations on different grids. The simplicity and

mathematical properties suggest that it can be a robust definition that minimizes the effects of mesh

anisotropies on simulation results. The performance of the proposed subgrid characteristic length is

successfully tested for decaying isotropic turbulence and a turbulent channel flow using artificially

refined grids. Finally, a simple extension of the method for unstructured meshes is proposed and tested

for a turbulent flow around a square cylinder. Comparisons with existing subgrid characteristic length

scales show that the proposed definition is much more robust with respect to mesh anisotropies and

has a great potential to be used in complex geometries where highly skewed (unstructured) meshes

are present. Published by AIP Publishing. https://doi.org/10.1063/1.5012546

I. INTRODUCTION

The Navier-Stokes (NS) equations are an excellent math-

ematical model for turbulent flows. However, direct numerical

simulations are not feasible yet for most practical turbulent

flows because the nonlinear convective term produces far

too many scales of motion. Hence, in the foreseeable future,

numerical simulations of turbulent flows will have to resort to

models of the small scales. The most popular example thereof

is Large-Eddy Simulation (LES). Briefly, the LES equations

arise from applying a spatial filter, with filter length ∆, to the

NS equations, resulting in

∂tu + (u · ∇)u = ν∇2
u − ∇ p − ∇ · τ, ∇ · u = 0. (1)

Here, u is the filtered velocity and τ = u ⊗ u − u ⊗ u is the

subgrid stress (SGS) tensor that represents the effect of the

unresolved scales. It is assumed that the filter u→ u commutes

with differentiation. Since the SGS tensor, τ, depends not only

on the filtered velocity, u, but also on the full velocity field,
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u, we encounter a closure problem. We thus have to approx-

imate τ by a tensor depending only on the filtered velocity,

i.e., τ ≈ τ(u).

Because of its inherent simplicity and robustness, the

eddy-viscosity assumption is by far the most used closure

model,

τ(u) ≈ −2νeS(u), (2)

where νe denotes the eddy-viscosity and S(u) = 1/2(∇u

+ ∇u
T

) is the rate-of-strain tensor. Notice that τ(u) is con-

sidered traceless without loss of generality because the trace

can be included as part of the filtered pressure, p. Then, most

of the existing eddy-viscosity models can be expressed as

follows:

νe = (Cm∆)2Dm(u), (3)

where Cm is the model constant,∆ is the subgrid characteristic

length, and Dm(u) is the differential operator with units of

frequency associated with the model. Here, no summation over

m is implied.

In the last few decades research has primarily focused

on either the calculation of the model constant, Cm, or the

development of more appropriate model operators, Dm(u). An

example of the former is the approach proposed by Lilly1 to

determine the model constant of the Smagorinsky model.2
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Subgrid characteristic length for LES: state of the art

Btu ` pu ¨∇qu “ ∇2u ´∇p ´∇ ¨ τpuq ; ∇ ¨ u “ 0
eddy-viscosity ÝÑ τ puq “ ´2νeSpuq

νe “ pCmδq
2Dmpuq

Dmpuq ÝÑ Smagorinsky (1963), WALE (1999), Vreman (2004),
QR-model (2011), σ-model (2011), S3PQR1 (2015),
vortex-stretching-based model2 (2017)

Cm ÝÑ Germano’s dynamic model (1991), Lagrangian dynamic (1995),
Global dynamic approach (2006)

δ?

1F.X.Trias, D.Folch, A.Gorobets, A.Oliva. Physics of Fluids, 27: 065103, 2015.
2M.H.Silvis, R.A.Remmerswaal, R.Verstappen, Physics of Fluids, 29: 015105, 2017.
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Subgrid characteristic length for LES: state of the art

In the context of LES, most popular (by far) is:

δvol “ p∆x∆y∆zq1{3 ðù Deardorff (1970)

δSco “ f pa1, a2qδvol, δL2 “

b

p∆x2 `∆y2 `∆z2q{3

In the context of DES:

δmax “ maxp∆x ,∆y ,∆zq ðù Sparlart et al. p1997q

Recent flow-dependant definitions

δω “
b

pω2
x ∆y∆z ` ω2

y ∆x∆z ` ω2
z ∆x∆yq{|ω|2ðù Chauvet et al. p2007q

δ̃ω “
1
?

3
max

n,m“1,...,8
|ln ´ lm| ðù Mockett et al. p2015q

δSLA “ δ̃ωFKHpVTMq ðù Shur et al. p2015q
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Building a new subgrid characteristic length for LES

Research question:

Can we find a simple and robust definition of δ that minimizes the
effect of mesh anisotropies on the performance of subgrid-scale
models?
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Building a new subgrid characteristic length for LES

Research question:

Can we find a simple and robust definition of δ that minimizes the
effect of mesh anisotropies on the performance of subgrid-scale
models?

Starting point:

G ” ∇u
looomooon

physical space
Gδ ” G∆
loooomoooon

computational space

where for a Cartesian grid ∆ ”

»

–

∆x
∆y

∆z

fi

fl
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Building a new subgrid characteristic length for LES

Idea: δ, appears in a natural way when we consider the leading term of
the Taylor series expansion of the subgrid stress tensor,

τpuq “ δ2

12GGT `Opδ4q
loooooooooooooomoooooooooooooon

physical space

τpuq “ 1
12GδGT

δ `Opδ4q
looooooooooooooomooooooooooooooon

computational space

A least-square minimization leads to3

δlsq “

d

GδGT
δ : GGT

GGT : GGT

3F.X.Trias, A.Gorobets, M.H.Silvis, R.W.C.P.Verstappen, A.Oliva. A new subgrid
characteristic length for turbulence simulations on anisotropic grids, Physics of Fluids,
29:115109, 2017.
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Building a new subgrid characteristic length for LES
Properties of new definition

δlsq “

d

GδGT
δ : GGT

GGT : GGT

Locally defined: only G and ∆ needed (Gδ ” G∆)
Well-bounded: ∆x ď δlsq ď ∆z (assuming ∆x ď ∆y ď ∆z)
Sensitive to flow orientation, e.g. for rotating flows (G “ Ω)

δlsq “

d

ω2
x p∆y2 `∆z2q ` ω2

y p∆x2 `∆z2q ` ω2
z p∆x2 `∆y2q

2|ω|2

Applicable to unstructured grid

Idea: Bφ
Bx «

φi`1 ´ φi
∆x ùñ if you can compute G ; then, you can compute δlsq!

Easy and cheap
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Building a new subgrid characteristic length for LES
Properties of new definition

∆ “

ˆ

β 0
0 β´1

˙

G “

ˆ

0 1
1´ 2ω 0

˙

0

1

2

3

4

5

6

7

Pure shear
ω=0

Simple shear
ω=0.5

Pure rotation
ω=1

increasing β

δ

δvol
δlsq with β=1/5
δlsq with β=1/2

δlsq with β=10
δlsq with β=5
δlsq with β=2
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Results for LES
Decaying isotropic turbulence

Comparison with classical Comte-Bellot & Corrsin (CBC) experiment
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Results for LES
Turbulent channel flow

Reτ “ 395 DNS Moser et al. LES 32ˆ 32ˆNz
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Turbulent channel flow
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Results for LES
Turbulent flow around square cylinder at Re “ 22000

DNS4 324M grid points LES 19524ˆNz

4F.X.Trias, A.Gorobets, A.Oliva. Turbulent flow around a square cylinder at Reynolds
number 22000: a DNS study, Computers&Fluids, 123:87-98, 2015.
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Results for LES
Turbulent flow around square cylinder at Re “ 22000
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5F.X.Trias, D.Folch, A.Gorobets, A.Oliva. Physics of Fluids, 27: 065103, 2015.
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Results for LES
Turbulent flow around square cylinder at Re “ 22000
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Concluding remarks
A new definition for δ has been proposed

δlsq “

d

GδGT
δ : GGT

GGT : GGT

It is locally defined, well-bounded, cheap and easy to implement
LES tests: HIT, turbulent channel flow X

LES on unstructured grids: turbulent flow around square cylinder X

DES tests: backward facing step and turbulent jet (Arnau Pont et al.,
AIAA journal, submitted and fingers crossed!!!) X

Takeaway message:
Definition of δ can have a big effect on simulation results
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Further reading...
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Direct numerical simulations of the incompressible Navier-Stokes equations are not feasible yet

for most practical turbulent flows. Therefore, dynamically less complex mathematical formulations

are necessary for coarse-grained simulations. In this regard, eddy-viscosity models for Large-Eddy

Simulation (LES) are probably the most popular example thereof. This type of models requires the

calculation of a subgrid characteristic length which is usually associated with the local grid size.

For isotropic grids, this is equal to the mesh step. However, for anisotropic or unstructured grids,

such as the pancake-like meshes that are often used to resolve near-wall turbulence or shear layers,

a consensus on defining the subgrid characteristic length has not been reached yet despite the fact

that it can strongly affect the performance of LES models. In this context, a new definition of the

subgrid characteristic length is presented in this work. This flow-dependent length scale is based on

the turbulent, or subgrid stress, tensor and its representations on different grids. The simplicity and

mathematical properties suggest that it can be a robust definition that minimizes the effects of mesh

anisotropies on simulation results. The performance of the proposed subgrid characteristic length is

successfully tested for decaying isotropic turbulence and a turbulent channel flow using artificially

refined grids. Finally, a simple extension of the method for unstructured meshes is proposed and tested

for a turbulent flow around a square cylinder. Comparisons with existing subgrid characteristic length

scales show that the proposed definition is much more robust with respect to mesh anisotropies and

has a great potential to be used in complex geometries where highly skewed (unstructured) meshes

are present. Published by AIP Publishing. https://doi.org/10.1063/1.5012546

I. INTRODUCTION

The Navier-Stokes (NS) equations are an excellent math-

ematical model for turbulent flows. However, direct numerical

simulations are not feasible yet for most practical turbulent

flows because the nonlinear convective term produces far

too many scales of motion. Hence, in the foreseeable future,

numerical simulations of turbulent flows will have to resort to

models of the small scales. The most popular example thereof

is Large-Eddy Simulation (LES). Briefly, the LES equations

arise from applying a spatial filter, with filter length ∆, to the

NS equations, resulting in

∂tu + (u · ∇)u = ν∇2
u − ∇ p − ∇ · τ, ∇ · u = 0. (1)

Here, u is the filtered velocity and τ = u ⊗ u − u ⊗ u is the

subgrid stress (SGS) tensor that represents the effect of the

unresolved scales. It is assumed that the filter u→ u commutes

with differentiation. Since the SGS tensor, τ, depends not only

on the filtered velocity, u, but also on the full velocity field,

a)xavi@cttc.upc.edu
b)andrey@cttc.upc.edu
c)m.h.silvis@rug.nl
d)r.w.c.p.verstappen@rug.nl
e)oliva@cttc.upc.edu

u, we encounter a closure problem. We thus have to approx-

imate τ by a tensor depending only on the filtered velocity,

i.e., τ ≈ τ(u).

Because of its inherent simplicity and robustness, the

eddy-viscosity assumption is by far the most used closure

model,

τ(u) ≈ −2νeS(u), (2)

where νe denotes the eddy-viscosity and S(u) = 1/2(∇u

+ ∇u
T

) is the rate-of-strain tensor. Notice that τ(u) is con-

sidered traceless without loss of generality because the trace

can be included as part of the filtered pressure, p. Then, most

of the existing eddy-viscosity models can be expressed as

follows:

νe = (Cm∆)2Dm(u), (3)

where Cm is the model constant,∆ is the subgrid characteristic

length, and Dm(u) is the differential operator with units of

frequency associated with the model. Here, no summation over

m is implied.

In the last few decades research has primarily focused

on either the calculation of the model constant, Cm, or the

development of more appropriate model operators, Dm(u). An

example of the former is the approach proposed by Lilly1 to

determine the model constant of the Smagorinsky model.2

1070-6631/2017/29(11)/115109/15/$30.00 29, 115109-1 Published by AIP Publishing.
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... and near future reading (hopefully)
New strategies for mitigating the Grey Area in DDES models
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This work presents a new approach for mitigating the unphysical delay in the RANS to

LES transition, named Grey Area, which is a classical issue for hybrid RANS-LES turbulence

models such as Delayed-Detached Eddy Simulation (DDES). An existing methodology designed

for improving the LES performance in complex flow areas has been adapted and tested. In

particular, LES and DDES suffer from an excessive diffusion in critical areas where the flow

does not strictly behave in a fully turbulent manner, such as free shear layers. In these situa-

tions, dissipation needs to be reduced in order to enable more physically accurate development

of turbulence, and thus, the overall meanflow field. In this context, the following paper assesses

a recent 2D sensitive turbulent model and a new subgrid length scales, initially developed for

LES applications, as a new solution for mitigating the Grey Area. The new approach has been

assessed for two classic cases and compared with standard methodologies in both incompress-

ible and compressible flow. Moreover, two different codes have been used, OpenFOAM and

NOISEtte, for cross-validation purposes. Encouraging results have been obtained with the new

approach, supporting its suitability as a good candidate for addressing the Grey Area numerical

issue.

Nomenclature

Csgs = Subgrid scale constant in LES models

Dsgs (ū) = Differential operator used in a LES model
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Thank you for your attention
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